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Abstract

This paper is concerned with the optimal stopping problem for discrete time multipa-
rameter stochastic processes with the index set N . Two value operators of multiparameter
optimal stopping problems for discrete time multiparameter Markov processes are defined
and their properties are studied.
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1. Introduction

Let d > 2 be a fixed positive integer, N be the set of nonnegative
integers and I = N?. In this paper we consider the stochastic processes
indexed by I, which is equipped with the following partial order; for
z=(2',22,---,z%), w= (w!,w?,--- ,w?) el

z < wif and only if Z' < w' foralli,

z < wifandonly if z < w,z # w.
For z = (z',2%,--+,2%), |z| denotes Y%, z'. We shall use the definition
of multiparameter Markov process studied by Lawler and Vanderbei [4],
Mandelbaum [5], Mandelbaum and Vanderbei [6].
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Fori=1,2,---,d,let (Qi, ]—"i,FZ, Xi(t),Pj'() be a discrete time one-
parameter canonical Markov process with the transition operator T} and
the state space R. A d-parameter Markov process is defined as the tensor
product of these d processes.

We define the d-parameter Markov process X = (X(z),z € N¥) on
the complete product measurable space (Q = U?zlﬂi, F = ®?:1.7: ") en-
dowed with the complete filtration F, = ®?:1~7:Zi for z = (t,#%,---, td)
and the family of probabilities P, = ®?:1Pi,» for x = (x1,x2,--- ,,xd) €
E = R%, by the following

X(z) = (X'(), X2(£2), -, XU(t")) for z= (¢, £, ,#)) € L.
Let {T,,z € I} be the transition semigroup for X defined by
T:¢(x) = Ex[¢(X(2))]

for z € I, x € E and a function ¢ on E. Then it is known that
Tgi(P(x) = EX[(P(xlr le e /xiillxi(l)/ JCi+1/ e /xd)]
and

Ex[¢p(X(z +w)) | F2] = Ex(z) [¢(X(w))] = Twp(X(2))

where e¢; denotes the element for which the ith coordinate is 1 and all
other coordinates are 0.

An {F.}-stopping point is a random variable S taking values in I
such that {S =z} € F; forall z€ I.

A tactic starting at z is a family ({o(n)}, 7) which satisfies the
following conditions

9

(0) =

o(n) is an {]—'Z} -stopping point for all n,
o(n+1) € Dy(yy,

o(n+1)is Fy(, -measurable for all n,
Tis an {F,(,), n € N}-stopping time

where Dy, is the set of all direct successors of w and F; = {A € F|
AN{S=z} e F, forall z € I} forastopping point S.
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For K>0,keNand z, we I[(z<w),let L, L, M;, My, Mz
and Mp be defined by

X = {¢: E — R| ¢ isbounded and Borel measurable},
Ik = {oezllol <K |o(x) = ¢(y)| < Klx—yl},

M: = {({o(n)},7)[0(0) = 0,0(7) <z},

M = {({oe(n)},7)[0(0) = 0,7 <k},

Mz = {({o(m)}, 1) [0(0) = z,0(7) < w},

Mg = {({o(n)},7)[0(0) = 0,0(1) < z for some z}

where ||¢]| = sup | (x)].

In this paper we shall consider two kind of multiparameter optimal
stopping problems stated as follows :

(Vkd)(x) = sup  Ex[vg({o(n)},7)], xeEkeN
({o(n)}r)eMy
(Vo) (x) = sup Ex[lvg({o(n)},7)], x€Ezel

({o(m)}r)eM;
where f € Zpy,c € Z1(c>0),¢ € £ and

vg({o(n Z exp <ij‘,1 c(X(o(k - 1)))) f(X(o(n)))

+exp (—kilcmo(k— 1)))) $(X(a(1))).

Thenwehave V; : L - X and V: X — X.

We define the one-parameter value operator J* : ¥ — X and the
multiparameter value operator J, : ¥ — I associated with the above
problems by

¢ = ¢,
J¢ = max{¢, max H ¢}

¢ = J(J*¢), fork €N,

and

Jod = &,



246 T. TANAKA

]L’id) = max{d), Heid)}/

J:¢ = max{max J;_,¢, max H,(J;—¢;¢)}, for z €I,
i€l(z) iel(z)

where H,, ¢(x) = f(x) + exp(—c(x))Te,p(x),I(z) = {il]z > ¢;} and we
use the convention that J,¢p = ¢ whenever I(v) = 0.

Throughout this paper, for functions ¢, P on E, ¢ < ¢ is defined
by ¢(x) < (x) forall x € E.

We note that the operator H,, is nonlinear and has the monotone
property, i.e. if ¢ < 1P, then H, ¢ < He 1.

The discrete time multiparameter optimal stopping problems have
been studied by many authors, for example, Cairoli and Dalang [1],
Krengel and Sucheston [3], Lawler and Vanderbei [4], Mandelbaum [5],
Mandelbaum and Vanderbei [6].

The value operators of one-parameter optimal stopping problems
and more general stochastic control problems have been studied by
Nisio [8], [9]. Nisio [9] has introduced a nonlinear semigroup, the so-
called Nisio’s semigroup, of one-parameter optimal stopping problems for
continuous time Markov processes.

In this paper we shall study the operators J* and J, . In section 2 we
study the properties of J* and show that J* has the semigroup property.
In section 3 we study the properties of ], and give the example in which
J> does not necessarily have the semigroup property. In section 4 we give
the relation between J* and J, .

2. Properties of J*
Proposition 2.1. J* has the following properties:
D) J'o <.
() J*' = max{e, max H,(J‘¢)}
1

@) J&me =" (') = J*(J").

@) If ¢ <, then J*p < J“1p.

®) /e —Jwl < llo—wl.

©) [I7°¢ = ol| < kmax||(H, — 1)o]

(7) Suppose that there exists A > 1 such that

max S, ¢(x) — S b(y)] < Mlx— v
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forall x, y € Eandall ¢ € L1. Then, forall ¢ € Lg

k
T (x) = TFo(y)] < [lx =yl (AkK+ —A M>,

1-A

where S, p(x) = exp(—c(x))Te,p(x).

®) J*(ad + by) < aJk¢ + bJkyp forall a, b > 0, where J denotes the
operator | when f =0.

O J'o—T% <@ —).
(10) If ¢(x) = lim 1 ¢u(x) forall x € E, then [*¢(x) = lim T J*n(x)
forall x € E.
Proof. The assertions (1), (2), (3) and (4) are obvious.
(5) From the definition of Hgl.d)(x) , He, is contractive. Therefore
¢ (x) = Jb(x)| < max{|e(x) —(x)|, max |He ¢ (x) — He,th(x)]}
< ll¢—l.
We assume (5) for k. Then
17 e = Tl = 110 0) — TR ) < 150 = J5w ) < llo — v,

which shows that (5) holds for k+ 1.
(6) From the definition of J¢, we have

b(x) = 9(x)| < max{Ip(x) — ¢(x)], max | Hb(x) — ()|}
= max |H ¢(x) — 6(x)]
Therefore we get
176~ @]l < max||Hod — 0,

and
k

1Tk — ¢|| < Znﬂ — 11|

k

= Y W tge) — el
Z_

P

le]d) ¢|| < kmax || He, ¢ — |-
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(7) We shall show thatif ¢ € Lg, then J*¢p € £ M We have

AkK+%
e (x)=Jb(y)| < max{[$(x) — ¢(y)|, max |Hed(x) — He,d(y)|}
< max{|¢(x) = d(y)], [f(x) = f(y)| + max|Se,d(x) — Se;d(y) [}

max{K][x —yl|, Ml}x =y + AK]lx = y[|}
= max{K, M+ AK}|x — y|| = (M + AK)[x — y|.

IN

Since H,, is contractive, we have
[Jo(x)| < max{[[o]|, [ fl| + ¢} <M+ K< M+ AK.

Therefore we get J¢ € L gynm . Assuming that Jkp € £ for

ke 1=AK
AK+122 M
k, we have

I (x) = T+ (y)]
< max{|¢(x) — ¢ (y)], max | He, (J*) (x) — He, () ()|}

< max{K|[x—yll, |f(x)—f(y)] +ml.a><|5ei(fk¢)(x)—Sei(]k¢)(y)|}

A

IN

1— Ak
max {KHX —yll, Mllx =yl + (AkK+ HM> Allx — J/|}

" A_AkJrl
= max{ K, M + AFF 1K 4 ) M ||x =yl

1— k+1
:(Ak+1K+ A M>||x—y||,

1-A

and

IN

()] < max{llol, I+ 1]l

IN

v, 1=k
max K,M+)\K+1_)\M
A_Ak+1
1—A
1—}\k+1
1—A

M

< M+ MK +

Ak+1K + M

IN

which shows that our assertion holds for k+ 1.
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(8) In the case where f =0, we have, for a > 0,

J(ag) =

max{a¢, max S, (a¢p)}
max{a¢g,amax S, (¢p)}

a

(¢),

therefore we get J¥(a¢p) = aJ*(¢). Also, we have

J(&+ )

IN

max{¢ + 1, max S, (p+v)}

max{¢ + 1, max{Se, ¢ + Se, ¥ }}
max{¢ + 1, max Se, b+ max Se, P}
max{¢, max Se, ¢} + max{1, max Sep}

J(®) + (),

and then we have J*(¢ + 1) < J*¥(¢) + JF ().

(9) From the definitions of | and T, we have

Jo =Ty

<

<

max{qb - 1l)/ mlax{f + SE,‘¢} - mzax{f + Selll)}}
max{¢ — 1, max S,;¢ — max S, P}
max{¢ 1 max ., ~ )

J(d—1p).

We assume (9) for k. Then
I e =Y = (5 ) — T ) < T — T'w)

< JT o —) =T ()

which shows that (9) holds for k+ 1.

(10) By using induction, (10) comes from the definition of | and the
monotone convergence theorem. g

Proposition 2.2. If an operator L : £ — L satisfies

¢ <Lp, H,dp <Ly forall iandp € L,

then

T*¢ < L¥¢ forallk and ¢ € <.
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Proof. For k =1, we have ¢ = max{¢p, maxH, ¢} < L. We assume
that [¥¢ < L¥¢ for k. Then, by the deﬁnitiori of J*, we have

J1lp = max{J*¢, max H, J* ¢} < max{LF¢p, max H, L*¢}

< J(L'9) < L(L'9) < L9

The proof is completed. 0
Theorem 2.1. Forall k e N and ¢ € ¥, J*¢p = Vb
Proof. At first we shall prove [¢ > VK¢, Forany ({o(n)}, 1) € My,
Ex[og({o(n)},7)]=Ex[vg({o(n)}, 7)1 rcx 13|+ Ex[vg({o(n)}, 7)1 (rpy ).

For the first term on the right-hand side, we have

Ex[op({o(n)}, 1)1 {z<k-13]

~ = N (- £ ctxtete= 1) ) rextota)

n=0
TA(k—1)

rexp(= X elX(o(e= 1)) )o(X(a(rA (k= 1))tk |

(=1
For the second term on the right-hand side, we have
Ex[op({o(n)}, 7)1 {z—i)]
= Y Edog({o(m)}, D) rmnnfo(r)=z}]

z:|z|=k

d
Y Y Edog({o(m)}, D)1 frmiynfo(n) =z} {o(k)=o(k—1)+e;}]
z:|z|=k i=1

= Y Y Ex[Ex[vp({o(n)}, D) Fzo) Liemipn{o(r)=2}n{o ) =o(k—1)+e})
k—1 n
= LXE|{ e (- ¥ elxto(e— 1) ) fxon)
z i n=0 /=1
k
X - c(X(o(f — x z2)) | Fz e
+exp ( ¥ (X 1)) Eg(X ()1

x 1{T—k}m{ah)—z}m{o(m—a(k1>+ei}}
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k—1 n
= EXE[{ £ ew (- ¥ ctxloe- 1) ) fxe)
z i n=0 /=1
T exp ( Y e(X(o(t 1>>>)Ex<ze.)[¢<x<ei>>1}
=1 l
X 1{T—k}ﬁ{cr(”r)—z}ﬂ{cr(k)—cr(k1)+e,v}:|
k—1 n
- YE [{ Y exp (— Y e(X(o(t— 1>>>)f<x<o<n>>>
i n=0 /=1
T exp (— Y e(X(o(t 1>>>)Te.¢<x<o<k— 1>>>}
=1 ]
X 1{T-k}ﬂ{a(k)_a(k1)+ei}:|
k—2 n
= Yaf{ e (- X ctxote-1) ) fx(om)
i n=0 /=1

k—1
+ exp (_ ZZ c(X(o(l — 1)))>f(X(o(k— 1))

_ =

k
+ exp ( - ZZ c(X(o(f ~ 1)))> exp(—c(X(o(k—=1))))

=1
X Tp,p(X(o(k—1))) }1{T—k}ﬁ{d(k)—0(k1)+ei}]
k-2 n
= TE|{ L o (- X ex(ote - 1) ) xtom)

n=0
k
e(X(o(0— 1)))) {f(X(a(k ~1)
/=1
T exp(—e(X(o(k — 1)) Tod(X(ok — 1)))}}
X 1{Tk}ﬁ{cr(k)cr(k1)+ei}:|
k—2 n
~YE [{ Y exp (— Y e(X(o(l— 1))))f(X(cf(n)))
i n=0 /=1
k—1
T exp ( Y e(X(o(6— 1>>>)He,-¢<><(a<k 1)))}
(=1

X 1{T-k}ﬁ{cr(k)_cr(k1)+ei}:|
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< E[{ T e (- £ ctxtate— 1 ) extam)
57
o (L elXlo(t~1))) ) max Ho(X(o(k~ 1)) 1,

TA(k—1)—1 n
—Ex[{ T exp(—Zglcma(e—1>>>)f<x<a<n>>>
TA(k—1)

Y c<x<a<e—1>>>)

—I—exp(—
=1

X miax He ¢p(X(o(T A (k— 1))))}1{T_k}} .
Therefore we obtain

Ex[op({o(n)}, 7)]
TA(k—1)—1

) exp(—;co«o(f—1>>>)f<x<o<n>>>

n=0
TA(k—1)

+exp(— y c<x<a<e—1>>>)J¢<x<a<m<k—1>>>>].

(=1

Repeating the same calculations as above, we have

Ex[vp({o(n)}, 7)]

TA(k—1)—1 n
gzsx[ y eXP<—ZC(X(G(f—l)))>f(X(ff(n)>)

n=0

+
(0]
X
o
/N
\
2
i
<)
=
\
=
N
~—
=
ja
2
_
>
Py
»‘
\
=
[



MULTIPARAMETER OPTIMAL STOPPING 253

TA0—1 n
SE{ y wp(—}ldew—D»>ﬂwa»)
n=0 /=1
TA0
++mp(—2%4xuwﬂ—n»)ﬁ¢o«UWAo»ﬂ
< Jfo(x),

from which the conclusion follows.

Next we shall prove the theorem by use of the induction. For k = 0,
I°¢ = =Vod.
For k = 1, we define the tactic ({0} (n)}, 1) starting at 0 by

£1) = {ei if X(0) € {D(¢) =i} N {J¢ > ¢}
er ifX(0) € {Jo = ¢},

[0 i#x©€{o=9)
Pl i x(0) € {Jo > ¢},

where D(¢)(x) = inf{i | He,p(x) = max He, ¢(x)} . Then we have
Ex[vg({o1 (1)}, 17)]
— Exfos({o1 (0}, 7)1 g0y + 06 ({0 ()}, 7)1 ey
= Ex[0(X(0))1 =0 + {f(X(0))
+ exp(—¢(X(0))) (X (07 (1)) M {rr=1}]

d
:apmuqm+gvm+wmwmwmmm
X Ligi=13n{x(0)e{D(9)=i}}

d
= Ex {‘P(’C)l{ﬁ‘—o} + Y Ho ()1 —1ynx)epe)=it}
i=1

= J'¢(x).

Hence we have Jl¢p = V¢ by the result in the first half of this proof.
We assume that J¥¢ = Vi¢ for k and there exists an optimal tactic
({of(n)}, ) starting at 0 for Vid. We define the tactic ({oy (n)},
T, 1) starting at 0 by
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0p.1(0) =0,
of(n) o0, +e¢ if X(0) € {D(J*¢) =i} n{J*p > ¢}
07 (n) o0, +er if X(0) € {J*1p = ¢},

\ {o if X(0) € {J*1¢ = ¢}
Tk+1 = * . k . k+1
T 00, +1 if X(0) € {D(JFp) = i} n {JFH1p > ¢}

O (n+1) = {

If Po(tf,, =0) =1, then P,(J51$(X(0)) = $(X(0))) = 1 and we
have
T (x) = (x) = Ex[(07 1 (711))) = Ex[vg ({0711 ()}, )]
If Pe(7f,; = 0) < 1, we obtain Py(7,; = 0) = 0 by the Blumenthal-
Getoor’s 0-1 law for multiparameter Markov processes (see [7]). Therefore
we have Py(7{,; > 1) = 1 and there exists j = j(x) such that x €

{DU*¢) = N {1 > ¢}

Now we have

J*(x) = max{e(x), max He (/') (x)} = He (J'¢) (x)

x) + exp(—c(x)) Ex[Ex e [vg ({og (M)}, )] -

Furthermore we have

Ex[Ex(e;) [vg({og (1)}, 7¢)]]

- EJExe [zl exp (= L c(X(ai (£~ 1)) ) F(X (e ()

n=0

row (- 421 c(X(o (= 1)) )#(X (a7 ()|
T,fo@ejfl

77 08,

F(X(o (n) 066, +¢7) +exp - L cX(oi (¢~ 1)00 + )

(X (0F (1} 00c;) 0 0c; +¢)))| H
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EHZ exp( ¥ (@ (0) ) AX(eEa 1)

a1

exp (= L elX(07a(0) ) o(Xloa (1,017

(-1
-1

:Ex[gxf*)i exp( ; (0741 (¢ ))f(X(UZ+1(n)))

Tk+1

exp (- ¥ e(X(ofal 1)) olX (ot ()1 |

1

_EX[T’E exp (= 3 (ot (0= 1)) (Xt ()

n=1
T exp ( - 522 (X (0t (¢ - 1)))) ¢<x<a;+1<ﬁ+l>>>]

Consequently we obtain

[ () = f(x) +exp(—c(x))

-1

Exrﬂ)]: exP( ZC (041 (€ 1)))>f(X(UE+1(n)))

n=1

T

#op (= L elX(aga (6~ 1) )#(X(of.(vi.1))|

1

:Ex[Tkz exp ( = 32 clx(ega0 =) )X )

T

#op (= L elX(aga (6~ 1) )#(X(of(vi1))|

= Ex[v¢({‘7k+1( )b )l

which shows that our assertion holds for k + 1. The proof is completed. [
3. Properties of ],

Proposition 3.1. |, has the following properties:

(1) Jz¢ < Jo@ forall z<w.
(2) ]Z(‘b = maX{d), lernl?;() Hei(]zfeid))} .



256 T. TANAKA

©G) If & <1, then . < J-1p.

@ -0 =4l < o -l

(®) 1)z — oIl < Ty 2ill (He, — Dl| where z = (21, 2%+, 2).
(6) Suppose that there exists A > 1 such that

max [Se;$(x) = Se;d(y)| < Allx = yli

orall x, y € E andall ¢ € 1. Then, forall ¢ € Lg
y

_ 1z
2(x) — J:(y)| < ||x_y|<A|zK+11 A}\ M)

7) E(ad)—b— by) < a];(i)—i- ble,b forall a,b > 0, where ]~Z denotes the operator
J. when f =0.

®) J:0— o < (¢ — ).

) I $(x) = lim 1 §u(x) forall x € E, then Lp(x) = lim 1 Lopn(x)
forall x € E.

Proof. The assertion (3) is obvious and the assertions (4), (7), (8) and (9)
can be proved by the similar way as in Proposition 2.1.

(1) From the definition of J;, Jw¢p > Jw—e,¢ for all i € I(w). Repeating
this calculation, the assertion is proved.

(2) For z = 0, the assertion is true. The induction hypothesis is that it is
true for all z(< w) and we shall show its validity for w.

By (1), we have Jo—ei—e;® < Juw—e;® for i € I(w) and j € I(w —¢;),
and then

Hej(]wfe,vfejd)) < He]- (waej(b) < krenl?zi;() Hek(]wfekd)»

Hence we have

zrer}?u)z() je?(‘lu?i(ej) He]-(]wfe,-fe]-d)) < kréll?;;() Hek(]wfek‘;b)/

and therefore

Jod = max{‘max ]wfe,-‘;b; max He,- (]wfel-d))}
iel(w) iel(w)

= max{irer}?;) max{cﬁfjerl?gfei)Hej (Juo—ei—e;®) }, max He, (Jw—e; )}
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= max{max{¢, max max H, (Jeo—e;— ¢; ¢)}, max He, (Jw—e;®)}
icl(w) jel(w—e;) icl(w)

= max{¢, max He,(Jw—c;®)}.
icl(w)

(5) For z = 0, the assertion is true. The induction hypothesis is that it is
true for all z(< w) and we shall show its validity for w.

From the definition of H,,¢(x), we have

[He; (Jw—e; ) (x) = He;d(x)| < [T, (Jw—e; ) (x) = Te; ()|
S ||]ZU*EI'¢_¢H-

Hence we have

Jod(x) = ¢(x)| < max |He; (Joo—e; ) (x) — (%)

icl(w)
< lrer}ax{|He Juw—e; @) (x) —He;p(x) |+ He, 0 (x) — (x) |}
< imax{Hwaeid’_d’H +[[(He; = DI}

IN

iel(w

d
max {Z w — )| (He, = Dl + [|(He, —1)¢’||}

iel(w

d
= max {ZwkII He, — )(PI}

= Z wi | (He, — D¢p|l-

k=1

(6) We shall show thatif ¢ € g, then [;¢ € ZA‘Z‘K#;}‘AZ‘ M

For z = 0, the assertion is true from the definition of Zg. The
induction hypothesis is that it is true for all z(< w) and we shall show
its validity for w.

Assuming that [, € L ., for z < w,wehave

Azl k4 122 /\\ M

Uwqb(x) - ]wd’(]/)|
< max{|p(x) - ¢(y)|,ir€r}?$) | He; (Jw—e; ) (x) — He; (Jw—e; ) ()|}

max{K[lx=yll, |f(x)=f(y) |+ max|Se, (Ju—e;$) (x) = Se; (o, ®) (W) |}

IN

IN

_ Alw—ei
max{KHx—yH,M||x—y||+max<)\|we"K—l—llAAM)M‘x - y”}
; _
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1 — Alwl
= wl g _
{)\ +5— M} [x—yl,

1 — Alwl
max K,A'w‘K‘i‘ ﬁM ||x—y||

and
[Jwdp(x)] < max{||@]], || fI| + max ||Jw—edll}
icl(w)
1 — Alw—eil
< max{K,M+ max { Av-elgk 4+ —— 2 M
iel(w) 1-A
= M—l—)\‘w‘*lK—i—%
n 1—A
1, 1= Alel
< MAA[APIK =2 M
1—A
_ Alwl
= Akl 12T
—A
which shows that our assertion holds for w. O

Proposition 3.2. Forall z, w and ¢ € X, J;(Jud) < Li1wd.

Proof. For z = 0, the assertion is obvious for all w. The induction
hypothesis is that it is true for all z(< v) and all w. Then we shall show its
validity for v and all w. By Proposition 3.1 and the induction hypothesis,
we have

]v(]w(.b) = max{]w(b/ilgll?;() He,'(]zzfe,-(]wqb))}

max{]wd), max He,- (]vfeﬁwqb) }/
iel(v)

IN

and

Jorw® = max{d),‘ max Hei(]v—&-w—eid))}-
icl(v+w)

From the inclusion I(v) C I(v+ w), we get

max Hei(]v+w—e,¢) < max Hei(]v+w—ei¢)~
icl(v) icl(v+w)

Therefore we obtain J;(Ju¢) < [+wd.
The proof is completed. O
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Corollary 3.1. Forall z and ¢ € X,
J:¢ = zenlle(l;() ]ei(]z—ei(p) = ugll?();) ]z—u(]u¢)/
where K(z) = {u|z>u > 0}.
Proof. By Proposition 3.1 and Proposition 3.2, we obtain
]Zd) = max{d)/ max Hei (]Z—e,‘(p)} = max max{(p/ HE,‘(]Z—EI'(I))}
icl(z) i€l(z)
= mnaXx ]ei(]zfeid)) < max ]u(]zfuqb)
uekK(z)

i€l(z)
< max ;¢ =]J;. O
uekK(z)

Proposition 3.3. For any z, let an operator L, : £ — ¥ satisfy the following
conditions

(1) ¢ <L:p,Lop = ¢.
) He¢p < Lo forall i.
() Le,(Lo®) < Lejrw¢p forall i and w
then
J.p < Ly forallzand ¢ € L.

Proof. For z = 0, the assertion is obvious. The induction hypothesis is
that it is true for all z(< w) and we shall show its validity for w.

From our conditions and the induction hypothesis, we have
H@,‘ (]ZU7L’Z'¢) S HEZ'(L"(Ufﬁid)) S Lei(wae,-qb) S Le,-+wfel-[p = LZU(b .
Moreover, by Proposition 3.1, we obtain
Jw® = max{¢r max He,-(]w—q‘}b)} < Lyd.
icl(w)
The proof is completed. U

Theorem 3.1. Forall z€ l and ¢ € Y, [, = V..

Now we shall introduce the notation used in the following lemmas and the
proof of this theorem.

Let u € I be fixed and {Z"(s),s < u} be the stochastic process defined by

(@) 2 (u) = g(X(u)).
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(b) If s < u and Z"(t) has been defined for all t € Ds, then

Z"(s) Zmax{g(X(S))/Itrelan{f(X(S))+eXP(*C(X(S)))E[Z“(t) [ Fsl} )

We define the tactic ({o;;(n)}, 7;) starting at u by o;;(0) = u and
T = 0,and if s < u and ({of (n)}, /) has been defined for all t € Ds,
then

o;(0) =s,
o (1) = {G;+ei(” —1) on{Z"(s) > g(X(s))} N {d(s) =i}
s 5+ nej on {Z"(s) = g(X(s))},
. {o on {Z"(s) = g(X(s))}
’ 1+ 18, on{Z"(s) > g(X(s))}N{d(s) =i},
where
d(s) = min{i| max {f(X(s))+exp(—c(X(s)))E[Z"(s +ej)|Fs]}

S+€j€Ds
= f(X(s)) +exp(—c(X(s)))E[Z"(s + ;) | Fs]}-
The proof of this theorem is based on the following four lemmas.

Lemma 3.1.
(1) Forall s <u, ({of(n)}, 1) € M5,.
(2) Forall s <u andall ({oc(n)}, 1) € M5,

Z%(s) = Elvg({o5'(n)}, ) | F5] = Efog({o(n)}, 7) | Fs] -

Proof. For s = u, the assertion is obvious. The induction hypothesis is
that it is true for all t € Dy (s < u,t < u) and we shall show its validity
for s.

(1) By the definition, 0J(0) =5, 07 (7y) <u and o7 (n+1) € Dys(,) are
obvious. The set
{2%(s) >g(X(s))} N {d(s) =i}n{o5 (n + 1) = w} N {05 (n) = v}
is equal to
{2%(s) > g(X(s))} N {d(s) = i} N {05y, () = w}
N {O-s*+e,-(n —1)=v}, or 0.
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By the induction hypothesis, these sets belong to . Also, the set
{Z%(s) = g(X(s))} N{of(n+1) = w}n{o5(n) =0}
is equal to
{Z2%(s) =g(X(s))} N {of(n+1)=s+ (n+1)er}
N {o(n) =s+ne }, or 0.

These sets belong to F;. Therefore we have {0y (n+1) = w}N{os(n) =
v} € Fy and then of (n + 1) is Fy(,) -measurable. The set

{2%(s) > g(X(s))} N{d(s) = i} N {rg = n} N{og(n) = w}
is equal to
{2%(s) > g(X(s))} N {d(s) = i} N {75se =1 =1}
A {0ty (n—1) = w},
which belongs to F;, by the induction hypothesis. Therefore we have
{8 = n}n{of(n) = w} € Fyp and then 77 is an {F:(n)} -stopping
time.
(2) On the set {Z"(s) = g(X(s))}, we have o7 (17) = s and then
Z%(s) = 8(X(s)) = E[g(X(s)) | F5] = Elg(X(05 (7)) | 5]
= Elvg({o5(m)}, ) | F5) -
Also, on the set {Z"(s) > ¢g(X(s))} N{d(s) =i}, we have
Z%(s) = f(X(s)) + exp(—c(X(s))) E[Z"(s +&;) | F5].
By the induction hypothesis that
Z%(s +ei) = E[vg({054e, (1)}, Tse,) | Fsveil,
we have, on the set {Z"(s) > ¢(X(s))} Nn{d(s) =i},
Z%(s) = f(X(s)) +exp(—c(X(s)))E[Z" (s + e1) | F5]
= f(X(5)) +exp(—e(X(s))) E[vg({054¢, (1)}, To'ie )| F5]
— E[J(X(9) + exp(~c(X(5))
T;Zr[,l_—l

{ y exp(—kilc(X(o;ei(k—1>>>)f<x<a:+ei<n>>>

n=0
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rowp (- 3 c(x(o: (k- D) )Xo ) 17

n=0 k=1
wexp ( 3" e(X(o? (k- 1) )s(X(o: ()17
k=1

= Elvg({os (n)}, )| Fs)-
Therefore we have Z"(s) = E[vg({og(n)}, 15)|Fs]. Forany s < u, t € Ds
and any ({o(n)}, ) € M5, we set
01(0) = {t on {o(1) # t}
o(1) on{o(1)=t},
or(n—1) = {a(n) on {o(1) = t}
Yu1 on{o(1) #t},
o 0 on{o(1) At} n{r =0}
et on{o(1) =t}n{t >0},
where v is a deterministic increasing path passing through u.

Then, by the same argument as in (1), we have ({o:(n)}, 1) € M.
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For any F € F;, we obtain

| z4ap
F
Fﬁ{o(T):} dP—Q—teZI’) /ﬁ{a 7)>s}N{o(1)=t }ZM(S)dP
= /Fﬁ{o(’r) } dp+tezl') /ﬂ{a T)>s}n{o(1)=t}
{f(X(s)) + exp(—c(X(s))) E[2"(t)| Fs] }dP
= /FH{U(T):S} g(X( dP+tEZD /ﬂ{o T)>s}N{o(1)=t}
{f(X(S))+eXP(* (X(s)))E[E[vg({0r(n)}, 7) | Fi] | F5] P
- /Fﬂ{o(”r) {0 dP+t€ZI') /ﬁ{o T)>s}nN{o(1)=t}

{f(X(s)) + exp(—c(X(s)))vg({or(n)}, 1) }dP
= [ogotm}, 0P = [ Elog({o(n)},7)|FJap
Therefore we have Z"(s) > E[vg({o(n)}, T)|Fs]. O
Lemma 3.2. {Z"(s),s < u} is the smallest supermartingale in the sense that
Z"(s) > f(X(s)) +exp(—c(X(s)))E[Z"(t)|Fs] forall s and t € Ds,
that dominates {g(X(s)),s < u}.

Lemma 3.3. {(J,—s8)(X(s)),s < u} is the smallest supermartingale in the
sense of Lemma 3.2, that dominates {g(X(s)),s < u}.

Lemma 3.4. Forall s <u, (Ju—sg)(X(s)) = Z"(s).

These lemmas can be proved by the similar way as in [4] and [6], and
hence we omit them.

Proof of Theorem. By Lemma 3.1, we have, forall x € E

280) = sup  Ex[op({o(n)}, 1)l
({o(m)}7)eM,

By Leema 3.4, we have Z*(0) = (J,¢(X(0)). Therefore we obtain

(Jud)(x) = sup  Ex[op({o(n)}, 7)] = Vud(x). O
({o(m)}7)eMy
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Example 3.1. By Proposition 2.1, the operator J* has the semigroup prop-
erty. However the operator ], does not necessarily have the semigroup
property and the commutative property.

In order to see these, let d = 2, f = 0, ¢ = 0, g(0,0) = 0,
¢(0,1) =1, ¢(1,0) = —2,¢(1,1) = 4, and let (X'(t)) and (X?(t)) be
independent discrete time one-parameter Markov chains with the state
space {0,1} and the transition operator

2 1 11
a3 3] p_|22
10 13
i 4

respectively. Set T(1 o) = T'® I and Ton=1® T?. Then we have

21 2,
Togg= |23 3 (g(O,O) g ,1)>_ 3
' 1,0) ¢(1, '
L0 §(1,0) g(1,1) 0 1
11 13
Tong = g(0,0) g(O1)\ |2 4| _ |2 4
Ve \s(1,0) ¢(1,1)) (1 3 L5
2 4 2
1
-1
0 2
Ja,08 = (O 4> Ja,08 = 2 /
1 4
2 1\ /1 z
T _ (3 3|2 _ |3
1,0/018 ) ,
1 0/ \1 4 -1
2
11 L3
0 2\ (2 4 5
Tio] = =
(1,0/(0,1)8 0 4> ,
13 2 3
2 4

J,0J(0,1)8 = (

—_ WIN
> N
\_/
P

(=}

=

P

Ay

=

oqQ

Il
VR
N =
= N
~_
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1
- 2
|2 (1 2
Jg = , ](1,1)g = (2 4> ,
1 4
2 1\ /1 , 2 8
2 2 5 3 3
T8 = (3 3 (2 =1, ,
1 0 1 4 —
> 2
1 11 5 13
S 5 2) (2 4 1 8
018 = = ’
R AR UEY B EASE
2 4 2 4
2 1 0 8
_ 13 3](0 2)_ 3
Ta,0Ja,08 = (O 4> = ,
1 0 0o 2
1 11 3 7
o 5 ) [2 4 4 8
(0,1)J(01)8 = = ,
L)l s
2 4 2 4
5 8 g 3
, (13 0 3 : !
J°g = 5 , J208 = » Jo2)8 = 5 /
2 0 4 2
2 4 2 4

Therefore we obtain

JanJong #JonJans  Jan8 # Jwolons-

Remark 3.1. By Theorem 2.1 and Theorem 3.1, we have Jk¢ > max [,¢.

z:|z|=k
However the equality does not necessarily hold, because we obtain
I8 # max{J2,0)8 J (1,118 J(02)8} -
in the previous example.
4. Relation between J* and J,

Theorem 4.1. The following relations between J* and [, hold true.
(1) ]Z¢ < ]‘Z‘d) < ]\z|(1,1,---,1)¢ < ]2|Z‘ fOT’ z and (l) c€xr.
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(2) lim ]kd)(x) = lim [¢(x) = sup Ex[vg, ({o(n)},7)],
k=00 z2=00(s) ({o(n)},1)eMs

where z — oo(s) denotes min{z!,z2,- - ,zd} — 0.

Proof. By Proposition 3.1 (1), lim J.¢(x) exists. For any z, we have

z—00(s)

M, C Mp and then, by Theorem 3.1,

()< sup Exlog, ({o(n)}, 7).
({o(n)}r)eMp
For any ({o(n)},T) € Mg, there exists z such that o(1) < z. We
have

Ex[op({o(n)}, 7)] < 2¢(x) < lim Jud(x),

w—o00(s)

and therefore

sup Ex[vp({o(n)},7)] < lim [¢(x).
({o(n)},m)eMp z—00(s)
For any z, we take k such that |z| < k. We have, by Proposition 2.1
(1), Theorem 2.1 and Theorem 3.1, [,¢(x) < J¥¢p(x) < klim J¥¢(x) and

therefore

lim J¢(x) < lim [¢(x).

z—00(8)

Conversely, for any k, we set z = k(1,1,---,1). Forall w > z, we
have

T (x) < Jp(x) < sup Jud(x) = li )Jz¢><x>,

w>z z—00(s

and therefore

lim J“p(x) < lim ().

k—o0 z—00(s
The proof is completed. 0
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