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Abstract

This paper is concerned with the optimal stopping problem for discrete time multipa-
rameter stochastic processes with the index set Nd . Two value operators of multiparameter
optimal stopping problems for discrete time multiparameter Markov processes are defined
and their properties are studied.
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1. Introduction

Let d ≥ 2 be a fixed positive integer, N be the set of nonnegative
integers and I = Nd . In this paper we consider the stochastic processes
indexed by I , which is equipped with the following partial order; for
z = (z1, z2, · · · , zd) , w = (w1, w2, · · · , wd) ∈ I

z ≤ w if and only if zi ≤ wi for all i,

z < w if and only if z ≤ w, z 6= w.

For z = (z1, z2, · · · , zd) , |z| denotes ∑d
i=1 zi . We shall use the definition

of multiparameter Markov process studied by Lawler and Vanderbei [4],
Mandelbaum [5], Mandelbaum and Vanderbei [6].
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For i = 1, 2, · · · , d , let (Ωi ,F i ,F i
t , Xi(t), Pi

x) be a discrete time one-
parameter canonical Markov process with the transition operator Ti

t and
the state space R . A d -parameter Markov process is defined as the tensor
product of these d processes.

We define the d -parameter Markov process X = (X(z), z ∈ Nd) on
the complete product measurable space (Ω = Πd

i=1Ω
i ,F = ⊗d

i=1F i) en-
dowed with the complete filtration Fz = ⊗d

i=1F i
ti for z = (t1, t2, · · · , td)

and the family of probabilities Px = ⊗d
i=1Pi

xi for x = (x1, x2, · · · , , xd) ∈
E = Rd , by the following

X(z) = (X1(t1), X2(t2), · · · , Xd(td)) for z = (t1, t2, · · · , td) ∈ I.

Let {Tz, z ∈ I} be the transition semigroup for X defined by

Tzφ(x) = Ex[φ(X(z))]

for z ∈ I , x ∈ E and a function φ on E . Then it is known that

Teiφ(x) = Ex[φ(x1, x2, · · · , xi−1, Xi(1), xi+1, · · · , xd)]

and

Ex[φ(X(z + w)) | Fz] = EX(z)[φ(X(w))] = Twφ(X(z))

where ei denotes the element for which the i th coordinate is 1 and all
other coordinates are 0.

An {Fz} -stopping point is a random variable S taking values in I
such that {S = z} ∈ Fz for all z ∈ I .

A tactic starting at z is a family ({σ(n)}, τ) which satisfies the
following conditions

σ(0) = z ,

σ(n) is an {Fz}-stopping point for all n ,

σ(n + 1) ∈ Dσ(n) ,

σ(n + 1) is Fσ(n)-measurable for all n ,

τ is an {Fσ(n), n ∈ N}-stopping time

where Dw is the set of all direct successors of w and Fs = {A ∈ F |
A ∩ {S = z} ∈ Fz for all z ∈ I} for a stopping point S .
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For K > 0 , k ∈ N and z , w ∈ I(z ≤ w) , let Σ , ΣK , Mz , Mk , Mz
w

and MB be defined by

Σ = {φ : E → R |φ is bounded and Borel measurable},

ΣK = {φ ∈ Σ | ‖φ‖ ≤ K, |φ(x)−φ(y)| ≤ K‖x− y‖},

Mz = {({σ(n)}, τ) |σ(0) = 0,σ(τ) ≤ z},

Mk = {({σ(n)}, τ) |σ(0) = 0, τ ≤ k},

Mz
w = {({σ(n)}, τ) |σ(0) = z,σ(τ) ≤ w},

MB = {({σ(n)}, τ) |σ(0) = 0,σ(τ) ≤ z for some z},

where ‖φ‖ = sup
x∈E

|φ(x)| .
In this paper we shall consider two kind of multiparameter optimal

stopping problems stated as follows :

(Vkφ)(x) = sup
({σ(n)},τ)∈Mk

Ex[vφ({σ(n)}, τ)], x ∈ E, k ∈ N

(Vzφ)(x) = sup
({σ(n)},τ)∈Mz

Ex[vφ({σ(n)}, τ)], x ∈ E, z ∈ I

where f ∈ ΣM, c ∈ ΣL(c ≥ 0),φ ∈ Σ and

vφ({σ(n)}, τ) =
τ−1

∑
n=0

exp

(
−

n

∑
k=1

c(X(σ(k− 1)))

)
f (X(σ(n)))

+ exp

(
−

τ

∑
k=1

c(X(σ(k− 1)))

)
φ(X(σ(τ))).

Then we have Vz : Σ → Σ and Vk : Σ → Σ .

We define the one-parameter value operator Jk : Σ → Σ and the
multiparameter value operator Jz : Σ → Σ associated with the above
problems by

J0φ = φ,

Jφ = max{φ, max
i

Heiφ}

Jk+1φ = J(Jkφ), for k ∈ N,

and

J0φ = φ,
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Jeiφ = max{φ, Heiφ},

Jzφ = max{max
i∈I(z)

Jz−eiφ, max
i∈I(z)

Hei (Jz−eiφ)}, for z ∈ I,

where Heiφ(x) = f (x) + exp(−c(x))Teiφ(x), I(z) = {i|z ≥ ei} and we
use the convention that Jvφ = φ whenever I(v) = ∅ .

Throughout this paper, for functions φ , ψ on E , φ ≤ ψ is defined
by φ(x) ≤ ψ(x) for all x ∈ E .

We note that the operator Hei is nonlinear and has the monotone
property, i.e. if φ ≤ ψ , then Heiφ ≤ Heiψ .

The discrete time multiparameter optimal stopping problems have
been studied by many authors, for example, Cairoli and Dalang [1],
Krengel and Sucheston [3], Lawler and Vanderbei [4], Mandelbaum [5],
Mandelbaum and Vanderbei [6].

The value operators of one-parameter optimal stopping problems
and more general stochastic control problems have been studied by
Nisio [8], [9]. Nisio [9] has introduced a nonlinear semigroup, the so-
called Nisio’s semigroup, of one-parameter optimal stopping problems for
continuous time Markov processes.

In this paper we shall study the operators Jk and Jz . In section 2 we
study the properties of Jk and show that Jk has the semigroup property.
In section 3 we study the properties of Jz and give the example in which
Jz does not necessarily have the semigroup property. In section 4 we give
the relation between Jk and Jz .

2. Properties of Jk

Proposition 2.1. Jk has the following properties:

(1) Jkφ ≤ Jk+1φ .

(2) Jk+1φ = max{φ, max
i

Hei (Jkφ)} .

(3) Jk+mφ = Jm(Jkφ) = Jk(Jmφ) .

(4) If φ ≤ ψ , then Jkφ ≤ Jkψ .

(5) ‖Jkφ− Jkψ‖ ≤ ‖φ−ψ‖ .

(6) ‖Jkφ−φ‖ ≤ k max
i
‖(Hei − I)φ‖ .

(7) Suppose that there exists λ > 1 such that

max
i
|Seiφ(x)− Seiφ(y)| ≤ λ‖x− y‖
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for all x , y ∈ E and all φ ∈ Σ1 . Then, for all φ ∈ ΣK

|Jkφ(x)− Jkφ(y)| ≤ ‖x− y‖
(

λkK +
1− λk

1− λ
M

)
,

where Seiφ(x) = exp(−c(x))Teiφ(x) .
(8) J̃k(aφ + bψ) ≤ aJ̃kφ + bJ̃kψ for all a , b ≥ 0 , where J̃ denotes the

operator J when f = 0 .
(9) Jkφ− Jkψ ≤ J̃k(φ−ψ) .

(10) If φ(x) = lim
n→∞ ↑ φn(x) for all x ∈ E , then Jkφ(x) = lim

n→∞ ↑ Jkφn(x)
for all x ∈ E .

Proof. The assertions (1), (2), (3) and (4) are obvious.

(5) From the definition of Heiφ(x) , Hei is contractive. Therefore

|Jφ(x)− Jψ(x)| ≤ max{|φ(x)−ψ(x)|, max
i
|Heiφ(x)− Heiψ(x)|}

≤ ‖φ−ψ‖.

We assume (5) for k . Then

‖Jk+1φ− Jk+1ψ‖ = ‖J(Jkφ)− J(Jkψ)‖ ≤ ‖Jkφ− Jkψ‖ ≤ ‖φ−ψ‖,

which shows that (5) holds for k + 1 .

(6) From the definition of Jφ , we have

|Jφ(x)−φ(x)| ≤ max{|φ(x)−φ(x)|, max
i
|Heiφ(x)−φ(x)|}

= max
i
|Heiφ(x)−φ(x)|.

Therefore we get

‖Jφ−φ‖ ≤ max
i
‖Heiφ−φ‖,

and

‖Jkφ−φ‖ ≤
k

∑̀
=1
‖J`φ− J`−1φ‖

=
k

∑̀
=1
‖J`−1(Jφ)− J`−1φ‖

≤
k

∑̀
=1
‖Jφ−φ‖ ≤ k max

i
‖Heiφ−φ‖.
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(7) We shall show that if φ ∈ ΣK , then Jkφ ∈ Σ
λkK+ 1−λk

1−λ M
. We have

|Jφ(x)− Jφ(y)| ≤ max{|φ(x)−φ(y)|, max
i
|Heiφ(x)− Heiφ(y)|}

≤ max{|φ(x)−φ(y)|, | f (x)− f (y)|+ max
i
|Seiφ(x)− Seiφ(y)|}

≤ max{K‖x− y‖, M‖x− y‖+ λK‖x− y‖}
= max{K, M + λK}‖x− y‖ = (M + λK)‖x− y‖.

Since Hei is contractive, we have

|Jφ(x)| ≤ max{‖φ‖, ‖ f ‖+ ‖φ‖} ≤ M + K ≤ M + λK.

Therefore we get Jφ ∈ ΣλK+M . Assuming that Jkφ ∈ Σ
λkK+ 1−λk

1−λ M
for

k , we have

|Jk+1φ(x)− Jk+1φ(y)|
≤ max{|φ(x)−φ(y)|, max

i
|Hei (Jkφ)(x)− Hei (Jkφ)(y)|}

≤ max{K‖x−y‖, | f (x)− f (y)|+ max
i
|Sei (Jkφ)(x)−Sei (Jkφ)(y)|}

≤ max

{
K‖x− y‖, M‖x− y‖+

(
λkK +

1− λk

1− λ
M

)
λ‖x− y‖

}

= max

{
K, M + λk+1K +

λ− λk+1

1− λ
M

}
‖x− y‖

=

(
λk+1K +

1− λk+1

1− λ
M

)
‖x− y‖,

and

|Jk+1φ(x)| ≤ max{‖φ‖, ‖ f ‖+ ‖Jkφ‖}

≤ max

{
K, M + λkK +

1− λk

1− λ
M

}

≤ M + λkK +
λ− λk+1

1− λ
M

≤ λk+1K +
1− λk+1

1− λ
M

which shows that our assertion holds for k + 1 .
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(8) In the case where f = 0 , we have, for a ≥ 0 ,

J̃(aφ) = max{aφ, max
i

Sei (aφ)}
= max{aφ, a max

i
Sei (φ)}

= aJ̃(φ),

therefore we get J̃k(aφ) = aJ̃k(φ) . Also, we have

J̃(φ + ψ) = max{φ + ψ, max
i

Sei (φ + ψ)}
= max{φ + ψ, max

i
{Seiφ + Seiψ}}

≤ max{φ + ψ, max
i

Seiφ + max
i

Seiψ}
≤ max{φ, max

i
Seiφ}+ max{ψ, max

i
Seiψ}

= J̃(φ) + J̃(ψ),

and then we have J̃k(φ + ψ) ≤ J̃k(φ) + J̃k(ψ) .

(9) From the definitions of J and J̃ , we have

Jφ− Jψ ≤ max{φ−ψ, max
i
{ f + Seiφ} −max

i
{ f + Seiψ}}

= max{φ−ψ, max
i

Seiφ−max
i

Seiψ}
≤ max{φ−ψ, max

i
Sei (φ−ψ)}

= J̃(φ−ψ).

We assume (9) for k . Then

Jk+1φ− Jk+1ψ = J(Jkφ)− J(Jkψ) ≤ J̃(Jkφ− Jkψ)

≤ J̃( J̃k(φ−ψ)) = J̃k+1(φ−ψ)

which shows that (9) holds for k + 1 .

(10) By using induction, (10) comes from the definition of J and the
monotone convergence theorem. ¤

Proposition 2.2. If an operator L : Σ → Σ satisfies

φ ≤ Lφ, Heiφ ≤ Lφ for all i and φ ∈ Σ,

then

Jkφ ≤ Lkφ for all k and φ ∈ Σ.
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Proof. For k = 1 , we have Jφ = max{φ, max
i

Heiφ} ≤ Lφ . We assume

that Jkφ ≤ Lkφ for k . Then, by the definition of Jk , we have

Jk+1φ = max{Jkφ, max
i

Hei Jkφ} ≤ max{Lkφ, max
i

Hei L
kφ}

≤ J(Lkφ) ≤ L(Lkφ) ≤ Lk+1φ .

The proof is completed. ¤

Theorem 2.1. For all k ∈ N and φ ∈ ∑ , Jkφ = Vkφ .

Proof. At first we shall prove Jkφ ≥ Vkφ . For any ({σ(n)}, τ) ∈ Mk ,

Ex[vφ({σ(n)},τ)]= Ex[vφ({σ(n)},τ)1{τ≤k−1}]+Ex[vφ({σ(n)},τ)1{τ=k}].

For the first term on the right-hand side, we have

Ex[vφ({σ(n)}, τ)1{τ≤k−1}]

= Ex

[{ τ∧(k−1)−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

τ∧(k−1)

∑̀
=1

c(X(σ(`− 1)))
)

φ(X(σ(τ ∧ (k− 1))))
}

1{τ≤k−1}
]

.

For the second term on the right-hand side, we have

Ex[vφ({σ(n)}, τ)1{τ=k}]

= ∑
z:|z|=k

Ex[vφ({σ(n)}, τ)1{τ=k}∩{σ(τ)=z}]

= ∑
z:|z|=k

d

∑
i=1

Ex[vφ({σ(n)}, τ)1{τ=k}∩{σ(τ)=z}∩{σ(k)=σ(k−1)+ei}]

= ∑
z

∑
i

Ex[Ex[vφ({σ(n)}, τ)|Fz−ei ] 1{τ=k}∩{σ(τ)=z}∩{σ(k)=σ(k−1)+ei}]

= ∑
z

∑
i

Ex

[{ k−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

k

∑̀
=1

c(X(σ(`− 1)))
)

Ex[φ(X(z))|Fz−ei ]
}

× 1{τ=k}∩{σ(τ)=z}∩{σ(k)=σ(k−1)+ei}
]



MULTIPARAMETER OPTIMAL STOPPING 251

= ∑
z

∑
i

Ex

[{ k−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

k

∑̀
=1

c(X(σ(`− 1)))
)

EX(z−ei)[φ(X(ei))]
}

× 1{τ=k}∩{σ(τ)=z}∩{σ(k)=σ(k−1)+ei}
]

= ∑
i

Ex

[{ k−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

k

∑̀
=1

c(X(σ(`− 1)))
)

Teiφ(X(σ(k− 1)))
}

× 1{τ=k}∩{σ(k)=σ(k−1)+ei}
]

= ∑
i

Ex

[{ k−2

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

k−1

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(k− 1)))

+ exp
(
−

k−1

∑̀
=1

c(X(σ(`− 1)))
)

exp(−c(X(σ(k− 1))))

× Teiφ(X(σ(k− 1)))
}

1{τ=k}∩{σ(k)=σ(k−1)+ei}
]

= ∑
i

Ex

[{ k−2

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

k−1

∑̀
=1

c(X(σ(`− 1)))
){

f (X(σ(k− 1)))

+ exp(−c(X(σ(k− 1))))Teiφ(X(σ(k− 1)))
}}

× 1{τ=k}∩{σ(k)=σ(k−1)+ei}
]

= ∑
i

Ex

[{ k−2

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

k−1

∑̀
=1

c(X(σ(`− 1)))
)

Heiφ(X(σ(k− 1)))
}

× 1{τ=k}∩{σ(k)=σ(k−1)+ei}
]
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≤ Ex

[{ k−2

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

k−1

∑̀
=1

c(X(σ(`− 1)))
)

max
i

Heiφ(X(σ(k− 1)))
}

1{τ=k}
]

= Ex

[{ τ∧(k−1)−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

τ∧(k−1)

∑̀
=1

c(X(σ(`− 1)))
)

× max
i

Heiφ(X(σ(τ ∧ (k− 1))))
}

1{τ=k}
]

.

Therefore we obtain

Ex[vφ({σ(n)}, τ)]

≤ Ex

[ τ∧(k−1)−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

τ∧(k−1)

∑̀
=1

c(X(σ(`− 1)))
)

Jφ(X(σ(τ ∧ (k− 1))))
]

.

Repeating the same calculations as above, we have

Ex[vφ({σ(n)}, τ)]

≤ Ex

[ τ∧(k−1)−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

τ∧(k−1)

∑̀
=1

c(X(σ(`− 1)))
)

Jφ(X(σ(τ ∧ (k− 1))))
]

≤ Ex

[ τ∧(k−2)−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

τ∧(k−2)

∑̀
=1

c(X(σ(`− 1)))
)

J2φ(X(σ(τ ∧ (k− 2))))
]

...
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≤ Ex

[ τ∧0−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ(`− 1)))
)

f (X(σ(n)))

+ exp
(
−

τ∧0

∑̀
=1

c(X(σ(`− 1)))
)

Jkφ(X(σ(τ ∧ 0)))
]

≤ Jkφ(x),

from which the conclusion follows.

Next we shall prove the theorem by use of the induction. For k = 0 ,
J0φ = φ = V0φ .

For k = 1 , we define the tactic ({σ∗1 (n)}, τ∗1 ) starting at 0 by

σ∗1 (0) = 0,

σ∗1 (1) =

{
ei if X(0) ∈ {D(φ) = i} ∩ {Jφ > φ}
e1 if X(0) ∈ {Jφ = φ},

τ∗1 =

{
0 if X(0) ∈ {Jφ = φ}
1 if X(0) ∈ {Jφ > φ},

where D(φ)(x) = inf{i |Heiφ(x) = max
k

Hekφ(x)} . Then we have

Ex[vφ({σ∗1 (n)}, τ∗1 )]

= Ex[vφ({σ∗1 (n)}, τ∗1 )1{τ∗1 =0} + vφ({σ∗1 (n)}, τ∗1 )1{τ∗1 =1}]

= Ex[φ(X(0))1{τ∗1 =0} + { f (X(0))

+ exp(−c(X(0)))φ(X(σ∗1 (τ∗1 )))}1{τ∗1 =1}]

= Ex

[
φ(x)1{τ∗1 =0} +

d

∑
i=1
{ f (x) + exp(−c(x))φ(X(ei))}

× 1{τ∗1 =1}∩{X(0)∈{D(φ)=i}}
]

= Ex

[
φ(x)1{τ∗1 =0} +

d

∑
i=1

Heiφ(x)1{τ∗1 =1}∩{X(0)∈{D(φ)=i}}
]

= J1φ(x).

Hence we have J1φ = V1φ by the result in the first half of this proof.
We assume that Jkφ = Vkφ for k and there exists an optimal tactic
({σ∗k (n)}, τ∗k ) starting at 0 for Vkφ . We define the tactic ({σ∗k+1(n)} ,
τ∗k+1) starting at 0 by
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σ∗k+1(0) = 0,

σ∗k+1(n + 1) =

{
σ∗k (n) ◦θei + ei if X(0) ∈ {D(Jkφ) = i} ∩ {Jk+1φ > φ}
σ∗k (n) ◦θe1 + e1 if X(0) ∈ {Jk+1φ = φ},

τ∗k+1 =

{
0 if X(0) ∈ {Jk+1φ = φ}
τ∗k ◦θei + 1 if X(0) ∈ {D(Jkφ) = i} ∩ {Jk+1φ > φ}.

If Px(τ∗k+1 = 0) = 1 , then Px(Jk+1φ(X(0)) = φ(X(0))) = 1 and we
have

Jk+1φ(x)=φ(x)= Ex[φ(σ∗k+1(τ
∗
k+1))]=Ex[vφ({σ∗k+1(n)}, τ∗k+1)].

If Px(τ∗k+1 = 0) < 1 , we obtain Px(τ∗k+1 = 0) = 0 by the Blumenthal-
Getoor’s 0-1 law for multiparameter Markov processes (see [7]). Therefore
we have Px(τ∗k+1 ≥ 1) = 1 and there exists j = j(x) such that x ∈
{D(Jkφ) = j} ∩ {Jk+1φ > φ} .

Now we have

Jk+1φ(x) = max{φ(x), max
i

Hei (Jkφ)(x)} = He j(Jkφ)(x)

= f (x) + exp(−c(x))Te j(Jkφ)(x)

= f (x) + exp(−c(x))Ex[Jkφ(X(e j))]
= f (x) + exp(−c(x))Ex[Vkφ(X(e j))]
= f (x) + exp(−c(x))Ex[EX(e j)[vφ({σ∗k (n)}, τ∗k )]] .

Furthermore we have

Ex[EX(e j)[vφ({σ∗k (n)}, τ∗k )]]

= Ex

[
EX(e j)

[ τ∗k−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ∗k (`− 1)))
)

f (X(σ∗k (n)))

+ exp
(
−

τ∗k
∑̀
=1

c(X(σ∗k (`− 1)))
)

φ(X(σ∗k (τ∗k )))
]]

= Ex

[
Ex

[ τ∗k ◦θe j−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ∗k (`− 1) ◦θe j + e j))
)

f (X(σ∗k (n) ◦θe j + e j)) + exp
(
−

τ∗k ◦θe j

∑̀
=1

c(X(σ∗k (`− 1) ◦θe j + e j))
)

φ(X(σ∗k (τ∗k ◦θe j) ◦θe j + e j))|Fe j

]]



MULTIPARAMETER OPTIMAL STOPPING 255

= Ex

[
Ex

[ τ∗k+1−2

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ∗k+1(`)))
)

f (X(σ∗k+1(n + 1)))

+ exp
(
−

τ∗k+1−1

∑̀
−1

c(X(σ∗k+1(`)))
)

φ(X(σ∗k+1(τ
∗
k+1)))|Fe j

]]

= Ex

[
Ex

[ τ∗k+1−1

∑
n=1

exp
(
−

n−1

∑̀
=1

c(X(σ∗k+1(`)))
)

f (X(σ∗k+1(n)))

+ exp
(
−

τ∗k+1

∑̀
=2

c(X(σ∗k+1(`− 1)))
)

φ(X(σ∗k+1(τ
∗
k+1)))|Fe j

]]

= Ex

[ τ∗k+1−1

∑
n=1

exp
(
−

n

∑̀
=2

c(X(σ∗k+1(`− 1)))
)

f (X(σ∗k+1(n)))

+ exp
(
−

τ∗k+1

∑̀
=2

c(X(σ∗k+1(`− 1)))
)

φ(X(σ∗k+1(τ
∗
k+1)))

]
.

Consequently we obtain

Jk+1φ(x) = f (x) + exp(−c(x))

Ex

[ τ∗k+1−1

∑
n=1

exp
(
−

n

∑̀
=2

c(X(σ∗k+1(`− 1)))
)

f (X(σ∗k+1(n)))

+ exp
(
−

τ∗k+1

∑̀
=2

c(X(σ∗k+1(`− 1)))
)

φ(X(σ∗k+1(τ
∗
k+1)))

]

= Ex

[ τ∗k+1−1

∑
n=0

exp
(
−

n

∑̀
=1

c(X(σ∗k+1(`− 1)))
)

f (X(σ∗k+1(n)))

+ exp
(
−

τ∗k+1

∑̀
=1

c(X(σ∗k+1(`− 1)))
)

φ(X(σ∗k+1(τ
∗
k+1)))

]

= Ex[vφ({σ∗k+1(n)}, τ∗k+1)],

which shows that our assertion holds for k + 1 . The proof is completed. ¤

3. Properties of Jz

Proposition 3.1. Jz has the following properties:

(1) Jzφ ≤ Jwφ for all z ≤ w .
(2) Jzφ = max{φ, max

i∈I(z)
Hei (Jz−eiφ)} .
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(3) If φ ≤ ψ , then Jzφ ≤ Jzψ .

(4) ‖Jzφ− Jzψ‖ ≤ ‖φ−ψ‖ .
(5) ‖Jzφ−φ‖ ≤ ∑d

i=1 zi‖(Hei − I)φ‖ where z = (z1, z2, · · · , zd) .
(6) Suppose that there exists λ > 1 such that

max
i
|Seiφ(x)− Seiφ(y)| ≤ λ‖x− y‖

for all x , y ∈ E and all φ ∈ Σ1 . Then, for all φ ∈ ΣK

|Jzφ(x)− Jzφ(y)| ≤ ‖x− y‖
(

λ|z|K +
1− λ|z|

1− λ
M

)
.

(7) J̃z(aφ+ bψ) ≤ aJ̃zφ+ bJ̃zψ for all a, b ≥ 0 , where J̃z denotes the operator
Jz when f = 0 .

(8) Jzφ− Jzψ ≤ J̃z(φ−ψ) .
(9) If φ(x) = lim

n→∞ ↑ φn(x) for all x ∈ E , then Jzφ(x) = lim
n→∞ ↑ Jzφn(x)

for all x ∈ E .

Proof. The assertion (3) is obvious and the assertions (4), (7), (8) and (9)
can be proved by the similar way as in Proposition 2.1.

(1) From the definition of Jz, Jwφ ≥ Jw−eiφ for all i ∈ I(w) . Repeating
this calculation, the assertion is proved.

(2) For z = 0 , the assertion is true. The induction hypothesis is that it is
true for all z(< w) and we shall show its validity for w .

By (1), we have Jw−ei−e jφ ≤ Jw−eiφ for i ∈ I(w) and j ∈ I(w− ei) ,
and then

He j(Jw−ei−e jφ) ≤ He j(Jw−e jφ) ≤ max
k∈I(w)

Hek (Jw−ekφ).

Hence we have

max
i∈I(w)

max
j∈I(w−e j)

He j(Jw−ei−e jφ) ≤ max
k∈I(w)

Hek (Jw−ekφ),

and therefore

Jwφ = max{max
i∈I(w)

Jw−eiφ, max
i∈I(w)

Hei (Jw−eiφ)}

= max{max
i∈I(w)

max{φ, max
j∈I(w−ei)

He j(Jw−ei−e jφ)}, max
i∈I(w)

Hei (Jw−eiφ)}
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= max{max{φ, max
i∈I(w)

max
j∈I(w−ei)

He j(Jw−ei−e jφ)}, max
i∈I(w)

Hei (Jw−eiφ)}

= max{φ, max
i∈I(w)

Hei (Jw−eiφ)}.

(5) For z = 0 , the assertion is true. The induction hypothesis is that it is
true for all z(< w) and we shall show its validity for w .

From the definition of Heiφ(x) , we have

|Hei (Jw−eiφ)(x)− Heiφ(x)| ≤ |Tei (Jw−eiφ)(x)− Teiφ(x)|
≤ ‖Jw−eiφ−φ‖.

Hence we have

|Jwφ(x)−φ(x)| ≤ max
i∈I(w)

|Hei (Jw−eiφ)(x)−φ(x)|

≤ max
i∈I(w)

{|Hei (Jw−eiφ)(x)−Heiφ(x)|+|Heiφ(x)−φ(x)|}

≤ max
i∈I(w)

{‖Jw−eiφ−φ‖+ ‖(Hei − I)φ‖}

≤ max
i∈I(w)

{
d

∑
k=1

(w− ei)k‖(Hek − I)φ‖+ ‖(Hei − I)φ‖
}

= max
i∈I(w)

{
d

∑
k=1

wk‖(Hek − I)φ‖
}

=
d

∑
k=1

wk‖(Hek − I)φ‖.

(6) We shall show that if φ ∈ ΣK , then Jzφ ∈ Σ
λ|z|K+ 1−λ|z|

1−λ M
.

For z = 0 , the assertion is true from the definition of ΣK . The
induction hypothesis is that it is true for all z(< w) and we shall show
its validity for w .

Assuming that Jzφ ∈ Σ
λ|z|K+ 1−λ|z|

1−λ M
for z < w , we have

|Jwφ(x)− Jwφ(y)|
≤ max{|φ(x)−φ(y)|, max

i∈I(w)
|Hei (Jw−eiφ)(x)− Hei (Jw−eiφ)(y)|}

≤ max{K‖x−y‖, | f (x)− f (y)|+max
i
|Sei (Jw−eiφ)(x)−Sei (Jw−eiφ)(y)|}

≤ max

{
K‖x−y‖, M‖x−y‖+max

i

(
λ|w−ei |K+

1−λ|w−ei |

1− λ
M

)
λ‖x− y‖

}
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= max

{
K, λ|w|K +

1− λ|w|

1− λ
M

}
‖x− y‖

=

{
λ|w|K +

1− λ|w|

1− λ
M

}
‖x− y‖,

and

|Jwφ(x)| ≤ max{‖φ‖, ‖ f ‖+ max
i∈I(w)

‖Jw−eiφ‖}

≤ max

{
K, M + max

i∈I(w)

{
λ|w−ei |K +

1− λ|w−ei |

1− λ
M

}}

= M + λ|w|−1K +
1− λ|w|−1

1− λ
M

≤ M + λ

(
λ|w|−1K +

1− λ|w|−1

1− λ
M

)

= λ|w|K +
1− λ|w|

1− λ
M ,

which shows that our assertion holds for w . ¤

Proposition 3.2. For all z , w and φ ∈ Σ , Jz(Jwφ) ≤ Jz+wφ .

Proof. For z = 0 , the assertion is obvious for all w . The induction
hypothesis is that it is true for all z(< v) and all w . Then we shall show its
validity for v and all w . By Proposition 3.1 and the induction hypothesis,
we have

Jv(Jwφ) = max{Jwφ, max
i∈I(v)

Hei (Jv−ei (Jwφ))}

≤ max{Jwφ, max
i∈I(v)

Hei (Jv−ei+wφ)},

and

Jv+wφ = max{φ, max
i∈I(v+w)

Hei (Jv+w−eiφ)}.

From the inclusion I(v) ⊆ I(v + w) , we get

max
i∈I(v)

Hei (Jv+w−eiφ) ≤ max
i∈I(v+w)

Hei (Jv+w−eiφ).

Therefore we obtain Jz(Jwφ) ≤ Jz+wφ .

The proof is completed. ¤



MULTIPARAMETER OPTIMAL STOPPING 259

Corollary 3.1. For all z and φ ∈ Σ ,

Jzφ = max
i∈I(z)

Jei (Jz−eiφ) = max
u∈K(z)

Jz−u(Juφ),

where K(z) = {u | z > u > 0} .

Proof. By Proposition 3.1 and Proposition 3.2, we obtain

Jzφ = max{φ, max
i∈I(z)

Hei (Jz−eiφ)} = max
i∈I(z)

max{φ, Hei (Jz−eiφ)}

= max
i∈I(z)

Jei (Jz−eiφ) ≤ max
u∈K(z)

Ju(Jz−uφ)

≤ max
u∈K(z)

Jzφ = Jz . ¤

Proposition 3.3. For any z , let an operator Lz : Σ → Σ satisfy the following
conditions

(1) φ ≤ Lzφ, L0φ = φ .

(2) Heiφ ≤ Leiφ for all i .

(3) Lei (Lwφ) ≤ Lei+wφ for all i and w

then

Jzφ ≤ Lzφ for all z and φ ∈ Σ .

Proof. For z = 0 , the assertion is obvious. The induction hypothesis is
that it is true for all z(< w) and we shall show its validity for w .

From our conditions and the induction hypothesis, we have

Hei (Jw−eiφ) ≤ Hei (Lw−eiφ) ≤ Lei (Lw−eiφ) ≤ Lei+w−eiφ = Lwφ .

Moreover, by Proposition 3.1, we obtain

Jwφ = max{φ, max
i∈I(w)

Hei (Jw−eiφ)} ≤ Lwφ .

The proof is completed. ¤

Theorem 3.1. For all z ∈ I and φ ∈ ∑, Jzφ = Vzφ .
Now we shall introduce the notation used in the following lemmas and the

proof of this theorem.
Let u ∈ I be fixed and {Zu(s), s ≤ u} be the stochastic process defined by

(a) Zu(u) = g(X(u)) .
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(b) If s < u and Zu(t) has been defined for all t ∈ Ds , then

Zu(s)=max{g(X(s)), max
t∈Ds

{ f (X(s))+exp(−c(X(s)))E[Zu(t)|Fs]}}.

We define the tactic ({σ∗u(n)}, τ∗u) starting at u by σ∗u(0) = u and
τ∗u = 0 , and if s < u and ({σ∗t (n)}, τ∗t ) has been defined for all t ∈ Ds ,
then

σ∗s (0) = s,

σ∗s (n) =

{
σ∗s+ei

(n− 1) on {Zu(s) > g(X(s))} ∩ {d(s) = i}
s + ne1 on {Zu(s) = g(X(s))},

τ∗s =

{
0 on {Zu(s) = g(X(s))}
1 + τ∗s+ei

on {Zu(s) > g(X(s))} ∩ {d(s) = i},

where

d(s) = min{i | max
s+e j∈Ds

{ f (X(s)) + exp(−c(X(s)))E[Zu(s + e j)|Fs]}

= f (X(s)) + exp(−c(X(s)))E[Zu(s + ei)|Fs]}.

The proof of this theorem is based on the following four lemmas.

Lemma 3.1.

(1) For all s ≤ u , ({σ∗s (n)}, τ∗s ) ∈ Ms
u .

(2) For all s ≤ u and all ({σ(n)}, τ) ∈ Ms
u ,

Zu(s) = E[vg({σ∗s (n)}, τ∗s ) | Fs] ≥ E[vg({σ(n)}, τ) | Fs] .

Proof. For s = u , the assertion is obvious. The induction hypothesis is
that it is true for all t ∈ Ds (s < u, t ≤ u) and we shall show its validity
for s .

(1) By the definition, σ∗s (0) = s , σ∗s (τ∗s ) ≤ u and σ∗s (n + 1) ∈ Dσ∗s (n) are
obvious. The set

{Zu(s)> g(X(s))} ∩ {d(s)= i}∩{σ∗s (n + 1) = w} ∩ {σ∗s (n) = v}
is equal to

{Zu(s) > g(X(s))} ∩ {d(s) = i} ∩ {σ∗s+ei
(n) = w}

∩ {σ∗s+ei
(n− 1) = v}, or ∅ .
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By the induction hypothesis, these sets belong to Fv . Also, the set

{Zu(s) = g(X(s))} ∩ {σ∗s (n + 1) = w} ∩ {σ∗s (n) = v}
is equal to

{Zu(s) = g(X(s))} ∩ {σ∗s (n + 1) = s + (n + 1)e1}
∩ {σ∗s (n) = s + ne1}, or ∅.

These sets belong to Fs . Therefore we have {σ∗s (n + 1) = w} ∩ {σ∗s (n) =
v} ∈ Fv and then σ∗s (n + 1) is Fσ∗s (n) -measurable. The set

{Zu(s) > g(X(s))} ∩ {d(s) = i} ∩ {τ∗s = n} ∩ {σ∗s (n) = w}
is equal to

{Zu(s) > g(X(s))} ∩ {d(s) = i} ∩ {τ∗s+ei
= n− 1}

∩ {σ∗s+ei
(n− 1) = w},

which belongs to Fw by the induction hypothesis. Therefore we have
{τ∗s = n} ∩ {σ∗s (n) = w} ∈ Fw and then τ∗s is an {Fσ∗s (n)} -stopping
time.

(2) On the set {Zu(s) = g(X(s))} , we have σ∗s (τ∗s ) = s and then

Zu(s) = g(X(s)) = E[g(X(s)) | Fs] = E[g(X(σ∗s (τ∗s ))) | Fs]

= E[vg({σ∗s (n)}, τ∗s ) | Fs] .

Also, on the set {Zu(s) > g(X(s))} ∩ {d(s) = i} , we have

Zu(s) = f (X(s)) + exp(−c(X(s)))E[Zu(s + ei) | Fs].

By the induction hypothesis that

Zu(s + ei) = E[vg({σ∗s+ei
(n)}, τ∗s+ei

) | Fs+ei ],

we have, on the set {Zu(s) > g(X(s))} ∩ {d(s) = i} ,

Zu(s) = f (X(s)) + exp(−c(X(s)))E[Zu(s + ei)|Fs]

= f (X(s)) + exp(−c(X(s)))E[vg({σ∗s+ei
(n)}, τ∗s+ei

)|Fs]

= E
[

f (X(s)) + exp(−c(X(s)))

×
{ τ∗s+ei

−1

∑
n=0

exp
(
−

n

∑
k=1

c(X(σ∗s+ei
(k− 1)))

)
f (X(σ∗s+ei

(n)))
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+ exp
(
−

τ∗s+ei

∑
k=1

c(X(σ∗s+ei
(k− 1)))

)
g(X(σ∗s+ei

(τ∗s+ei
)))}|Fs

]

= E
[

f (X(s)) + exp(−c(X(s)))

×
{ τ∗s −2

∑
n=0

exp
(
−

n

∑
k=1

c(X(σ∗s (k)))
)

f (X(σ∗s (n + 1)))

+ exp
(
−

τ∗s −1

∑
k=1

c(X(σ∗s (k)))
)

g(X(σ∗s (τ∗s )))}|Fs

]

= E
[

f (X(s)) + exp(−c(X(s)))

×
{ τ∗s −1

∑
n=1

exp
(
−

n

∑
k=2

c(X(σ∗s (k− 1)))
)

f (X(σ∗s (n)))

+ exp
(
−

τ∗s
∑
k=2

c(X(σ∗s (k− 1)))
)

g(X(σ∗s (τ∗s )))
}
|Fs

]

= E
[ τ∗s −1

∑
n=0

exp
(
−

n

∑
k=1

c(X(σ∗s (k− 1)))
)

f (X(σ∗s (n)))

+ exp
(
−

τ∗s
∑
k=1

c(X(σ∗s (k− 1)))
)

g(X(σ∗s (τ∗s )))|Fs

]

= E[vg({σ∗s (n)}, τ∗s )|Fs].

Therefore we have Zu(s) = E[vg({σ∗s (n)}, τ∗s )|Fs] . For any s ≤ u , t ∈ Ds

and any ({σ(n)}, τ) ∈ Ms
u , we set

σt(0) =

{
t on {σ(1) 6= t}
σ(1) on {σ(1) = t},

σt(n− 1) =

{
σ(n) on {σ(1) = t}
γn−1 on {σ(1) 6= t},

τt =

{
0 on {σ(1) 6= t} ∩ {τ = 0}
τ − 1 on {σ(1) = t} ∩ {τ > 0},

where γ is a deterministic increasing path passing through u .

Then, by the same argument as in (1), we have ({σt(n)}, τt) ∈ Mt
u .
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For any F ∈ Fs , we obtain
∫

F
Zu(s)dP

=
∫

F∩{σ(τ)=s}
Zu(s)dP + ∑

t∈Ds

∫

F∩{σ(τ)>s}∩{σ(1)=t}
Zu(s)dP

≥
∫

F∩{σ(τ)=s}
g(X(s))dP + ∑

t∈Ds

∫

F∩{σ(τ)>s}∩{σ(1)=t}

{ f (X(s)) + exp(−c(X(s)))E[Zu(t)|Fs]}dP

≥
∫

F∩{σ(τ)=s}
g(X(σ(τ)))dP + ∑

t∈Ds

∫

F∩{σ(τ)>s}∩{σ(1)=t}

{ f (X(s)) + exp(−c(X(s)))E[E[vg({σt(n)}, τt)|Ft]|Fs]}dP

=
∫

F∩{σ(τ)=s}
vg({σ(n)}, τ)dP + ∑

t∈Ds

∫

F∩{σ(τ)>s}∩{σ(1)=t}

{ f (X(s)) + exp(−c(X(s)))vg({σt(n)}, τt)}dP

=
∫

F
vg({σ(n)}, τ)dP =

∫

F
E[vg({σ(n)}, τ)|Fs]dP

Therefore we have Zu(s) ≥ E[vg({σ(n)}, τ)|Fs] . ¤

Lemma 3.2. {Zu(s), s ≤ u} is the smallest supermartingale in the sense that

Zu(s) ≥ f (X(s)) + exp(−c(X(s)))E[Zu(t)|Fs] for all s and t ∈ Ds,

that dominates {g(X(s)), s ≤ u} .

Lemma 3.3. {(Ju−sg)(X(s)), s ≤ u} is the smallest supermartingale in the
sense of Lemma 3.2, that dominates {g(X(s)), s ≤ u} .

Lemma 3.4. For all s ≤ u , (Ju−sg)(X(s)) = Zu(s) .

These lemmas can be proved by the similar way as in [4] and [6], and
hence we omit them.

Proof of Theorem. By Lemma 3.1, we have, for all x ∈ E

Zu(0) = sup
({σ(n)},τ)∈Mu

Ex[vφ({σ(n)}, τ)].

By Leema 3.4, we have Zu(0) = (Juφ(X(0)) . Therefore we obtain

(Juφ)(x) = sup
({σ(n)},τ)∈Mu

Ex[vφ({σ(n)}, τ)] = Vuφ(x). ¤
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Example 3.1. By Proposition 2.1, the operator Jk has the semigroup prop-
erty. However the operator Jz does not necessarily have the semigroup
property and the commutative property.

In order to see these, let d = 2 , f = 0 , c = 0 , g(0, 0) = 0 ,
g(0, 1) = 1 , g(1, 0) = −2, g(1, 1) = 4 , and let (X1(t)) and (X2(t)) be
independent discrete time one-parameter Markov chains with the state
space {0, 1} and the transition operator

T1 =




2
3

1
3

1 0


 , T2 =




1
2

1
2

1
4

3
4




respectively. Set T(1,0) = T1 ⊗ I and T(0,1) = I ⊗ T2 . Then we have

T(1,0)g =




2
3

1
3

1 0




(
g(0, 0) g(0, 1)
g(1, 0) g(1, 1)

)
=



−2

3
2

0 1


 ,

T(0,1)g =

(
g(0, 0) g(0, 1)
g(1, 0) g(1, 1)

)



1
2

1
4

1
2

3
4


 =




1
2

3
4

1
5
2


 ,

J(1,0)g =

(
0 2
0 4

)
J(1,0)g =




1
2

1

1 4


 ,

T(1,0) J(0,1)g =




2
3

1
3

1 0







1
2

1

1 4


 =




2
3

2

1
2

1


 ,

T(1,0) J(0,1)g =

(
0 2
0 4

)



1
2

1
4

1
2

3
4


 =




1
3
2

2 3


 ,

J(1,0) J(0,1)g =




2
3

2

1 4


 , J(0,1) J(1,0)g =

(
1 2
2 4

)
,
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Jg =




1
2

2

1 4


 , J(1,1)g =

(
1 2
2 4

)
,

T(1,0) Jg =




2
3

1
3

1 0







1
2

2

1 4


 =




2
3

8
3

1
2

2


 ,

T(0,1) Jg =




1
2

2

1 4







1
2

1
4

1
2

3
4


 =




5
4

13
8

5
2

13
4


 ,

T(1,0) J(1,0)g =




2
3

1
3

1 0




(
0 2
0 4

)
=




0
8
3

0 2


 ,

T(0,1) J(0,1)g =




1
2

1

1 4







1
2

1
4

1
2

3
4


 =




3
4

7
8

5
2

13
4


 ,

J2g =




5
4

8
3

5
2

4


 , J(2,0)g =




0
8
3

0 4


 , J(0,2)g =




3
4

1

5
2

4


 ,

Therefore we obtain

J(1,0) J(0,1)g 6= J(0,1) J(1,0)g , J(1,1)g 6= J(1,0) J(0,1)g .

Remark 3.1. By Theorem 2.1 and Theorem 3.1, we have Jkφ ≥ max
z:|z|=k

Jzφ .

However the equality does not necessarily hold, because we obtain

J2g 6= max{J(2,0)g, J(1,1)g, J(0,2)g} .

in the previous example.

4. Relation between Jk and Jz

Theorem 4.1. The following relations between Jk and Jz hold true.

(1) Jzφ ≤ J|z|φ ≤ J|z|(1,1,··· ,1)φ ≤ J2|z| for z and φ ∈ Σ .
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(2) lim
k→∞

Jkφ(x) = lim
z→∞(s)

Jzφ(x) = sup
({σ(n)},τ)∈MB

Ex[vφ, ({σ(n)}, τ)] ,

where z → ∞(s) denotes min{z1, z2, · · · , zd} → ∞ .

Proof. By Proposition 3.1 (1), lim
z→∞(s)

Jzφ(x) exists. For any z , we have

Mz ⊆MB and then, by Theorem 3.1,

Jzφ(x) ≤ sup
({σ(n)},τ)∈MB

Ex[vφ, ({σ(n)}, τ)].

For any ({σ(n)}, τ) ∈ MB , there exists z such that σ(τ) ≤ z . We
have

Ex[vφ({σ(n)}, τ)] ≤ Jzφ(x) ≤ lim
w→∞(s)

Jwφ(x),

and therefore

sup
({σ(n)},τ)∈MB

Ex[vφ({σ(n)}, τ)] ≤ lim
z→∞(s)

Jzφ(x).

For any z , we take k such that |z| ≤ k . We have, by Proposition 2.1
(1), Theorem 2.1 and Theorem 3.1, Jzφ(x) ≤ Jkφ(x) ≤ lim

k→∞
Jkφ(x) and

therefore

lim
z→∞(s)

Jzφ(x) ≤ lim
k→∞

Jkφ(x).

Conversely, for any k , we set z = k(1, 1, · · · , 1) . For all w ≥ z , we
have

Jkφ(x) ≤ Jzφ(x) ≤ sup
w≥z

Jwφ(x) = lim
z→∞(s)

Jzφ(x),

and therefore

lim
k→∞

Jkφ(x) ≤ lim
z→∞(s)

Jzφ(x).

The proof is completed. ¤
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