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Abstract

We study an economic order quantity of the standard example in an inventory problem
of multi-period under the assumption that the demand is a discrete random variable. There
are also some results how to find an optimal policy in examples with discrete demand. It
is an application of analyses of the probabilistic inventory model that the authors construct
using the theory of the dynamic programming.
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1. Introduction

Mathematical inventory models have been studied in [2], [3] and
[4] in which we assumed the demand is a continuous random variable.
Various properties of an optimum policy in its inventory systems are
obtained and it is attempted to ensure simple treatments on an optimum
policy of a multi-period inventory system provided we know the cost
function of its single period problem. There are some examples in [2]
and [4] that follow the dynamic inventory systems and for its analysis we
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need to calculate the first and second derivatives of the cost function all
over the range.

In [5] we give a mathematical model of dynamic inventory problems
in which demand is a discrete random variable and fundamental analyses
are obtained (cf. Theorem 2.1). We consider an inventory problem of single
period as follows. Let x be the amount on hand before an order is placed
and let i and p be the holding and shortage costs per unit per period.
Further, let ¢ be the purchasing cost per unit and let z be the amount on
hand in the initial period after an order is received, which means that the
initial regular order is z — x. If we assume no setup cost is occurred, the
expected cost for the period is given by

E{C(B,z)} = c(z— x)+ hE{holding quantity }
+ pE{shortage quantity } .

We define the function H(z) by the equation E{C(B,z)} = —cx + H(z).

In stead of the first and second derivatives of the function H(z) we
use the first and second differences and we have a generalization of one in
[2]. We make the assumptions on the function H(z) in this paper in order
to get the optimum policy in the inventory problem of multi-period. That
is, we assume that A2H(z) > 0 for all integer z and there are integers R
and R; with Ry < R; such that AH(R1) < 0 and AH(R;) > ac where «
is the discount factor per period. To investigate the problem of N-period
we define the functions F;(z) (1 <i < N — 1) and the basic properties of
Fi(z) are given in [5] by using the method of the dynamic programming.

In section 2 we restate a general situation of the mathematical
model and the fundamental theorem in [5] without proof. We discuss the
inventory model with discrete demand in section 3 and many properties
of the function H(z) are shown in order to show that this model follows
the mathematical model in section 2. Now the optimum ordering policy
is stated in Theorem 3.9. Finally an optimum policy in some examples is
given in section 4.

2. Mathematical model

Let ¢ and « be real numbers with 0 < ¢, 0 < a < 1. Let ¢(b) be the
density function of a discrete random variable B which means demand
and we assume that ¢(b) = 0 if b is not a nonnegative integer. We let
H(z) be areal valued function on the set of all integers. We denote the first
difference of H(z) by AH(z), thatis AH(z) = H(z+ 1) — H(z). We also
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denote the second difference of H(z) by A2H(z). Furthermore we denote

the difference f(z+1,b) — f(z,b) of the function f(z,b) by Af(z,b).
Throughout this section we assume the following conditions on

H(z).

Assumptions:

(1) We have A%H(z) > 0 for all integer z.

(2) There are integers R; and R; with Ry < R such that AH(R1) < 0
and AH(R;) > ac.

For an integer x we define functions f(x), (k=1,...,N) as follows.

filx)= miréz{—cx +H(z)},

few) = min { e HG:) + abfofk_1<z ve)| @D

(k=2,...,N).

Then f;(x) be the minimal expectation of the total cost in single period
and f,(x) is the discount expected loss for an n-period inventory model
when the optimum policy is used at each purchasing opportunity. We set
for an integer z

Fe_1(z) =H(z) + ocbi fie1(z=b)p((b), (k=1,...,N) (22)
=0

where fy(-) = 0. Note that Fy(z) = H(z). It follows from (2.1) and (2.2)
that

fr(x) = minZ{—cx—|— F_1(z2)} (k=1,...,N). (2.3)

zZ>X,2€

We have fundamental the following

Theorem 2.1 ([5]). Let n be an integer with 1 < n < N. Then there is an
integer X, such that %, = min{z |z is an integer AF,_1(z) > 0} and we have
the following statements.
(1) Wehave Ry < %1 < --- < %, < ¥y < R».
@) If1<n<N-—1,then
H(z) — acz + acm + aF,_1 (%) if z <Xy,
Fu(z) = H(z) — acz + accm + aF,, 1 (%)

+ “zh)_:? [Fy 1(z—b) = Fy 1 (2))]b(b) i 2 > %0



228 M. SAKAGUCHI AND M. KODAMA

B) If1<n<N-—1,then

AH(z) — ac ) if z< %y,
AR =N AHG) - ac(z) +a T OB 1 (2 - b)o(b) i 22 5.

4) If1<n<N-—1,then

A?H(z) if z<xn—1,
A%F,(z) = { A’H(z) + ay A’F,_1(z—b)p(b)
b=0

+aAF, 1(%)p(z+1— %) ifz>%,—1.

(5) We have Aan(z) > 0 for all integer z with 1 <n < N — 1.
(6) We have AF,(R) < 0 and AF,(Ry) > 0 with 1 <n <N —1.

(7) If z < %yy1, then Fy(z) > Fy(%p41) and if p01 < z1 < 2z, then
Fn(Zl) S Fn(Zz).

(8) We have

Falx) = —cx+F1(%) if x < %y,
—cx+Fq(x)  if Xy <x.

We may prove this theorem by induction.

Proposition 2.2. Let n and z be integers with 2 < n < N. Then z > %, if and
only if
AH(z) > afc—AF, 2(z)$(0) — AF, 2(z = 1)¢p(1) — -+~
—AFy 2 (%n-1)$(z — %p-1) -

Proof. 1t follows from (5) of Theorem 2.1 that AF,_;(z) is non-decreasing.
Hence by the definition of X, we see z > %, if and only if AF,_1(z) > 0.
Thus we have this inequality by (3) of Theorem 2.1. We complete the
proof. O

This proposition shows us a method to get %, .

Theorem 2.3. Let n be an integer with 2 < n < N. Assume that we
obtain the %,_1. If AH(%,—1) > a(AF,_2(xy—1)$(0) —¢), Xp = xy—1. If
AH(%,-1) < a(AF,—2(%,-1)¢(0) — ¢), then we may find the integer number
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Xn by solving the following inequalities
AH(z 1) < alc— AFy_p(z— 1)$(0) ~ AFy_(z — 2)p(1) - - --
—AF, 2(%p-1)p(z =1 —%,1)),
AH(z) > afc — AF,—2(2)$(0) — AR, 2(z = 1)$p(1) — - --
—AF, 2(xp-1)$(z — %p-1))

where z is an integer with %,_1 < z < Ry.

3. Optimum policy

We shall show how to use the mathematical model in section 2. For
that sake we consider a basic and simple example of the probabilistic
multi-period inventory model with zero delivery lag, backlogging of
demand and linear purchasing cost c¢(y) = cy in this section.

Model and notations

(1) The multi-period model with backlogging of demand will be investi-
gated under general demand without setup cost. The stock replenish-
ment occurs instantaneously.

(2) Regular ordering takes at the beginning of each period, purchasing
cost ¢ is charged and the period length is t. Let x be the initial stock
level and let z be the amount on hand in initial period after an order
is received. That means that the amount of a regular order is z — x.

(3) Let h and p be the holding and shortage costs per unit per period,
respectively. We assume ¢ < p.

(4) Demand B in each period is a nonnegative integer valued random
variable with a known distribution ®(b) and its density ¢(b). We
assume that if b is a negative integer, then ¢(b) = 0. The functions
®(b) and ¢(b) remain unchanged from period to period and demands
in each period are independent.

(5) Demand occurs at time T according to a general function g(T/t)b
during the period t. The amount in inventory at time T is z — ¢(T/t)b
(0 < T < t) where g(x) has a continuous derivative on [0,1] such
that ¢(0) =0, ¢(1) =1 and dg(x)/dx >0 (0 <x <1).

(6) The total cost is the sum of the purchasing cost, the holding cost and
the shortage cost and we search the amount of a regular order at which
the expectation of the sum is minimal.
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(7) We denote « by the discount factor per period (0 < & < 1). Let f,(x)
be the discount expected loss for n-period inventory model provided
that an optimal policy is used at each purchasing opportunity, where
x is the initial stock level.

Since the unfilled demand is backlogged, it is necessary to investigate
in the case when z is a negative integer.

First we will obtain the function H(z). Denote the average inventory
per cycle by I; (b, z) and the shortage quantity per cycle by I>(b, z). We let
E{C(B,z)} be the expectation of the total cost per period. Then we have

E{C(B,z)} = c(z—x) + hE{[1(B,z)} + pE{,(B,z2)} .
The function H(z) is defined by the equality

E{C(B,z)} = —cx+ H(z). (3.1)
We put G(y) = /0 ! ¢(y)dy and we denote the inverse function g(x) by
¢ 1(x) (0 <x<1).Let m be the mean of B.
Proposition 3.1 ([1]). We have
(c—p)z+pmG(1) if z<0,
cz+h hi [z— G(1)b]p(D)

=0

—p ¥ [z—G)BGb) + (h+p)
b=z+1

E el (o ween

Proof. 1f z < 0, then
E{C(B,2)} = C(Zx)erhiO E /Of [g(f)bz}d"f}(b(b)

=cz—cx+p f [G(1)b — z]p(b)
b=0

= —cx+ (c—p)z+ pmG(1).
We see that if z > 1, then

E{h(B2)} = ¥ [1 /: [ch)b}dir](p(b)

b=0

Ly [1/0%1(;) {z—g(?)b}dt]d)(b)

b=z+1
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— Y - G)bo(b)
b=0

B () el ) oo

and

z+1 ?
B ) s sele oo

Thus we obtain that

E{L(B,z)} = —cx+cz+h i[z— G(1)b]ep(b)
b=0

—p ¥ - G)be(b)

b=z+1
e § [ (2) o ()] o
b=z+1
We complete the proof by (3.1). O

Proposition 3.2. We have
—-p if z<0,

st = P 0D L o0 ;f(zg_l(;)

e <>>3 o)

Proof. This is clear in the case z
AH(0) = H(1) - H(0)
= c+h([1=G(1)-0]¢(0) + [1 - G(1) - 1(1))

- pbi[l — G(1)Bb(b) + (h+ p)

“E () ol ()t

< 0 by Proposition 3.1. We have
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= c+h(p(0) +P(1) — G(1)$(1))
—p(1—(¢(0) +¢(1))) + pG(1)(

Ll ()l 6)
|

m—a¢(1)) + (h+p)
)} $(b) — pmG(1)
)

Lol () ol ()l
ws £ a

Assume that z > 1. It follows fro ropositio

AH(z) = H(z+1) — H(z)
= ¢(z+1) —cz—i—h{bfo[z—i—l G(1)b]o(b) — bio[z—G(l)bW(b)}
— y: 1-G(1 3 o(b
p{b_zm[ 2+ )~ ¥ -G blo ) |
+(h+p){ f [(z+1)g1(z

b=z2

w‘«l»
—_
S~
|

SY
(@)
A/~
[02e}

N
A/~

N
w‘—i—

—_
~~—
~
| IR |
<
—
=

rop{ T e (550) o6 (st (557 ) Jew
)

b
—[z4+1 = G(1)(z+1)]p(z+1)
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o Lo £ sl (5) el (7)o}

b=z+1
We complete the proof. O

Lemma 3.3. We have the following conditions.

(1) The function xg~'(x) — G(g~1(x)) is non-decreasing on [0, 1].

(2) If0 < x<1,then xg~'(x) — G(g~'(x)) > 0.

(3) Let q(x) = (z+1)g (1) /2) — xG(g 1 (2+1)/x)) — 28 (2/x) +
xG(g~Y(z/x)). If z > 0, then the function q(x) is non-increasing on
[z4+1,00).

(4) If0<x<1,then x(g ' (x) —1)+G(1) — G(g~(x))) > 0.

Proof. Let u(x) = xg7'(x) — G(g~'(x)). Then u'(x) = g~ (x). It follows
from Model and Notations 5 that if 0 < x < 1, then u/(x) > 0 and we see
(1) holds. Because u(0) = 0, we have the condition (2). We obtain

el () ()

Assume z > 0. Since ¢~ !(x) and G(x) are non-decreasing on [0, 1],
g'(x) <0 for x with z+ 1 < x. Therefore we see (3) holds.

Now let v(x) = x(g~'(x) — 1) + G(1) — G(g!(x)). Then we have
v'(x) = ¢ }(x)—1.Sofor 0 < x <1 and v(1) = 0. Hence (4) holds. We
complete the proof. O

Lemma 3.4. We have the following statements.

(1) Ifz>0and b > z, then zg’1 <Izg> —bG<g1 <Z>> > 0.
2) Ifz>0and b > z+1, then

s () ()
enforels(259)-o0) (e (:51))

Proof. Assume z > 0 and b > z. Put x = g Then 0 < x < 1. Since
b > 0, we have by (2) of Lemma 3.3

w5 (3)-06(s(3)) =o(3w 0 -0t 20,

o
IN

IN
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We also obtain by (1) in Lemma 3.3
(5 (0) el (3))
- b((x + ;)g—1<x + 117) - G(g—l <x + 117)) ~(xgl(x) — G(g—l(x))))

>0.

Assume z > 0 and b > z + 1. Then we have g(b) < g(z+ 1), where
g(b) is the function in (3) of Lemma 3.3. We have

o 3) sl ()
gz+1)=(z+1) (1 + G(gl (,H—Zl>) - G(l)) —zg ! <Zj_ 1).

Therefore we finish the proof. O

Proposition 3.5. There are integers Ry and Ry (R1 < Ry) such that A(R1) <0
and w(Ry) > ac.

Proof. Let R{ = —1. Then AH(R1) = ¢ — p < 0 because we assumed
¢ < p. By Proposition 3.2 and Lemma 3.4 we see that AH(z) > ¢ —p +

(h+p) i ¢(b). Since lim (c—p+(h+p) i qb(b)) =c+h>ac,we
b=0 Z7oo b=0

can find an integer R, such that Ry < R, and AH(R;) > ac. We finish
the proof. O

Proposition 3.6. We have
0 if z< -1,
z (r+p o0+ % (575

el () Jow) 2o

R CRORE SI0)) i
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Proof. ltis clear in the case z < —1 by Proposition 3.2. If z = 0, then we
have

A*H(0) = AH(1) — AH(0)

—ctp—(h Lz
el () oo
= m+p{emem+ ¥ (27(5))
e () (2l () o)
= mep{omen + F (a2(=7(5)
-5 (3) o
If z > 0, then we obtain that

A’H(z) = AH(z+1) — AH(z)

:(h+p{ +ZA

b=z+42

s (7))o

AR Ll (Z) oo(5(3))Jo}

- ye £ a((3)

—bG( (6)))e e (255)
vols (1)) - Z(zi1)+<z+1>

((+1>)] )
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b £, )l )
*[Z(g‘l(zil))l)
confon-ele () oo}

We complete the proof. O

Lemma 3.7. If z > 0, then z(g7'(z/(z+ 1)) = 1) + (z + 1)(G(1) —
G(g~'(z/(z+1)))) = 0.

Proof. Assume z > 0. Then by (4) in Lemma 3.3 we see that

() ern(en-ofe(:59)
T ENESIETRECIES))

>0.

Proposition 3.8. If A%(zg~1(z/b) —bG(g~'(z/b))) > 0 forall integers b and
z such that z > 0 and z+2 < b, then A>’H (z) > 0. Moreover the inventory
model in this section follows the mathematical model in Section 2.

Proof. This is a direct consequence of Proposition 3.5, Proposition 3.6 and
Lemma 3.7. O

Theorem 3.9. In our inventory model of N-period the optimum policy is as
follows: If x < Xy, then order Xy — x, otherwise do not order.

Proof. This is well known. O

4. Examples

We see some examples under the model in section 3. By Proposition
3.5weset R| = —1.

1
Example 1. Let ¢(x) = x. Then we see that g~!(x) = x and G(y) = Eyz.

Then it follows from Proposition 3.1, 3.2 and 3.6 that

(c P)Z+pm if z<0,
b b
H(z) ={cz+h Z { 2]47 P, z+1 [z—z}cb(b) (4.1)
z2 00 o(p) .
(]/l_i_p)E :+1T 1fZ>0,
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c—p if z<0,
AH(z) = { ¢ =P+ (i +p) (4.2)
x{§¢(b)+zz+l § d)(b)} if z>0
b=0 2 2 b
and
0 if z< -1,
1 % ¢ _

Pz+1) = b)) .
(h+p)<2(2:_'_1)+b_§+2b) if z>0.

Therefore it follows A?H(z) > 0. By Proposition 3.8 we also con-
firm A%2H(z) > 0. Because we have A?(zg~!(z/b) — bG(g7(z/b))) =
A%(z?/2b) = 1/b > 0 for z > 0 and z + 2 < b. By Proposition 3.8 this
example follows the mathematical model in section 2.

Since we assumed ¢ < p,wesee 0 < (p —c¢)/(h+p) < 1.Put

w(z) = i (b)) + 22;1 i () for z > 0. (4.4)
b=0 b=z+1
Since
2z+1 & o¢(b) 2z4+1 & z+1
= b
2 b 2(z+1) , 51, b ¢(®)
2z+1 &
b),
— 2(z+1) b:zz;rld)( )

it is seen that

o0
lim 221 ALY
oo b=z+1 b

Therefore we have
Zlim w(z)=1. (4.5)

We also have
AH(z) =c—p+ (h+p)w(z) for z> 0. (4.6)

Example 4.1.1. Let L be a natural number and let ¢(b) be as follows:

I
(b(b>_{L+1 if b=0,1,...,L, )

0 otherwise.
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Then we see that

1 2z4+1 L 1
— (z+1+ Y ) if z=0,1,...,L—1,
w(z) = L+1( 2y b (4.8)
1 if z=1,L+1,....
and
O<w(l)<w(2)<---<w(L)=1. (4.9)

It is shown that AH(z) > ac if and if w(z) > (p —c+ ac)/(h+ p) for
z>0.Since 0 < (p—c+ac)/(h+p) <1,wesee AH(L) > ac and we
may set R, = L.

We obtain
xlzmin{z€Z|w(z) > Z;;} (4.10)
by (4.6) and Theorem 2.1. We thus may find X; by the inequalities
. p—c _ -
w(x —1) < hp S w(xq) (4.11)

with 0 < ¥; < L. Let n be an integer such that 1 < n < N — 1. It follows
from (3) of Theorem 2.1 that
zZ—Xy
AF,(z) = AH(z) —ac+ « AF, 1(z—b)¢p(b)
b=0

c—p—i—(b—!—p)w(z)—rxc-ﬁ-i _i

AF,_1(b) (4.12
L+1b 1 nl()( )

7

forx, <z<L.
Therefore we may find %,,1 with %, < %,11 < L by the inequalities

Tpp1—1
w(Xp41 — 1)+ (ESET)] 1;“(}1 T 7) biZ;n AF,_1(b)
< P ) gy L AR ) 49
For example we see that
AFi(2) = AH(z)—acta Y AH(z—b)b(b)
b=0
=c—p+(h+pw(z)—ac
P Y (e p O pd))
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= c—p—occ—k%(z—xl—i-l)
a(h+p) &
+ (h+ p)w(z) L+f Z (4.14)

b=

and we may get an integer ¥, with ¥; < %, < L by the relation

< p—c+ac a(p—c)

’Zz_mm{zez =¥ Thwp T nGtp)

X (z— % +1) <w(z) + — Zzﬁ@}. (4.15)

Example 4.1.2. Let ¢(h) be a density function of Poisson distribution with
parameter A.

That is,
AP
¢(b)=e BT (b=0,1,...). (4.16)
By (4.4) we have
LA 2241 & A
_ —A -
w(z)=Y e B +— e W for z>0. (4.17)

b=z+1

Assume A = 20. Then we have the following approximate values by the
computer soft MATHEMATICA.

Table 1
w(z)

w(z) | 0.0264 | 0.0792 | 0.1320 | 0.1848 | 0.2376 | 0.2904 | 0.3431 | 0.3958

w(z) | 0.4486 | 0.5008 | 0.5527 | 0.6038 | 0.6539 | 0.7018 | 0.7475 | 0.7902

16 17 18 19 20 21 22 23
w(z) | 0.8291 | 0.8637 | 0.8937 | 0.9191 | 0.9399 | 0.9564 | 0.9692 | 0.9788

Furthermore we suppose that ¢ = 100, p = 200, h = 10, &« = 0.95. By
(4.6) we have the approximate values of the function AH(z).
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Table 2
AH(z)

z 7 8 9 10 11 12 13 14
AH(z) | —17.87 | —5.83 | 5.17 | 16.17 | 26.80 | 37.29 | 47.39 | 56.99

z 15 16 17 18 19 20 21 22
AH(z)| 65.94 | 74.10 | 81.37 | 87.68 | 93.00 | 97.37 | 100.85 | 103.53

Since AH(20) > ac = 95, we may set Ry = 20. By (1) of Theorem 2.1 we
see Xy < 20 for all N. It follows from Table 2 that ¥; = 9.

Next we shall seek %, and it could be obtained by the relation
¥ =min{z € Z|z > %1, AF(z) > 0} (4.18)

and

AFy(z) = AH(z) —ac+a ¥ AH(z— b)b(b) for z>% . (419)
b=0

We get the following values of AF;(z) by MATHEMATICA.

Table 3
AF] (Z)

z 7 8 9 10 11 12 13 14
AF(z)|—112.87|—100.83|—89.83|—78.93|—68.20| —57.71|—47.60|—38.00

z 15 16 17 18 19 20 21 22
AF(z)| —29.04 | —20.82 |—13.43| —6.84 | —0.96 | 442 | 9.57 | 14.83

It follows from the Table 3 that X, = 20. This example is a particular one
because X; = 20 forall k > 2.

Example 2. Let g(x) = \/x. Then g7 1(x) = x? and G(y) = %y\/y By
Proposition 3.1, 3.2 and 3.6 we have

(c—p)z—i—szm if z<0,
z 2b %0 2b
H(z) = qezth ¥ [Z - 3}¢>(b)—pb2+l[z - S}P(b) (4.20)
2
+(h+ >Zsb_§+1¢z§f) if 20,
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c—p if z<0,
AH(z) = ¢ =P+ (h+p) . 4.21)
X{)Z:¢(b)+3z +3z+4+1 § d)(f)} if 230
b=0 3 b=z41 b
and
0 if z< -1,
1 % ¢b
(h+p)<d>(0)+b);1¢b<2)) if z=-1,
A’H(z) = 3242 (4.22)
(-4 ) (5l + 1)

12(z41) ¥ ‘P(b)> if z>0.

b=z+2 b?

It therefore follows A2H(z) > 0. We have

oo (7)ol (1) - () - 25520

for z > 0 and z+2 < b. By Proposition 3.8 this example follows the
mathematical model in Section 2.

Since we assumed ¢ < p, wesee 0 < (p—¢)/(h+p) <1.Put

z 2 o)
w(z) = Y ob) + ZEEL y % for z>0.  (424)
b=z+1

By the same method of (4.5) we have

lim w(z) =1.
Z—00

We also have
AH(z) =c—p+ (h+p)w(z).
Now we may do the similar analysis in this case as Example 4.1.1 and 4.1.2
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