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Abstract

This study considers the machine scheduling problem with limited waiting time
constraints. We examine the machine environment of the open-shop, job-shop, flow-shop,
and permutation flow-shop, and uses makespan as a measure performance. Eight mixed
binary integer programming models are developed to optimally solve these problems.
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1. Introduction

Most studies assume infinite waiting time between any two consecu-
tive operations of each job [9]. There are many industries where the limited
time constraint applies. For example, in a wafer fabrication process,
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the waiting time after the operations in furnace tubes is limited in order to
prevent the absorption of the particulates in air. Except wafer fabrication,
the proposed problem also exists in some practical applications such as
food production [4], chemical production, and steel production [12].

This study relaxes the no-wait constraint [2, 6, 11, 13, 15] that job must
be processed continuously without waiting time between consecutive
machines. We consider a scheduling model which is similar to, but some-
what more flexible than the no-wait model. A review of the literature
reveals that only two papers have addressed the limited waiting time
constraint problem. Yang and Chern [16] considered a two-machine flow-
shop sequencing problem with limited waiting time constraints. The
objective was to minimize the makespan. This problem was showed to
be NP-hard and a branch and bound algorithm was presented to solve the
problem. Su [12] considered a hybrid two-stage flow-shop with a batch
processor in stage 1 and a single processor in stage 2. The objective was
to minimize the makespan. A heuristic algorithm and a mixed integer
program were proposed.

In this study, we consider the open-shop, job-shop, flow-shop, and
permutation flow-shop scheduling problems with limited waiting time
constraints. The following terms are used to define the corresponding
scheduling problems:

Open-shop (OS). There are m machines. Each job has to be processed
again on each one of the m machines. However, some of these
processing times may be zero. There are no restrictions with regard
to the routing of each job through the machine environment. The
scheduler is allowed to determine a route for each job, and different
jobs may have different routes.

Job-shop ( JS). In a job shop with m machines, each job has its own pre-
determined route to follow.

Flow-shop (FS). There are m machines in series. Each job has to be
processed on each one of the m machines. All jobs have to follow
the same route (i.e., they have to be processed first on machine 1,
then machine 2, etc).

Permutation flow-shop (PFS). In flow-shop, after completion on one ma-
chine, a job joins the queue at the next machine. Usually, all queues
are assumed to operate under the First In First Out (FIFO) discipline-
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that is, a job cannot ’pass’ another while waiting in a queue. If
the FIFO discipline is in effect, the flow-shop is referred to as a
permutation flow-shop.

This study assumes that each job has a limited waiting time constraint
between any two consecutive operations. Each machine can process only
one operation at a time and different operations of the same job cannot be
processed simultaneously. Each job visits each machine at most once. Jobs
are not preemptive. Buffer storage between any two machines is unlim-
ited. All jobs are available simultaneously at time zero.

The purpose of this study is to concentrate on mixed binary integer
programming (BIP) formulations of scheduling operations in OS, JS, FS,
and PFS with limited waiting time constraints. This study presents two
mixed BIP formulations for solving the OS with limited waiting time
constraints problems, two mixed BIP formulations for solving the JS with
limited waiting time constraints problems, two mixed BIP formulations
for solving the FS with limited waiting time constraints problems, and
two mixed BIP formulations for solving the PFS with limited waiting time
constraints problems.

The remainder of the paper is organized as follows. Section 2
provides preliminary information. Section 3 addresses OS with limited
waiting time constraints. Section 4 addresses JS with limited waiting time
constraints. Section 5 addresses FS with limited waiting time constraints.
Section 6 addresses PFS with limited waiting time constraints. Section 7
briefly draws conclusions.

2. Preliminaries

Mathematical programming-based scheduling research has received
more and more attention from researchers as computer capacity increases
and more efficient integer programming (IP) software becomes available
[8]. Mathematical programming formulation is a natural way to attack
machine scheduling problems [10]. Why are IP models studied at all?
Morton and Pentico [7] addressed it with the following two reasons. First,
there will always be certain special structure cases that are solvable. If
we understand the general approaches, we may recognize them. Second,
there are often various partial relaxations of the equations that can be
solved and may be useful. Blazewicz et al. [1] surveyed the development
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of mathematical programming formulations in scheduling. Most IP prob-
lems in scheduling involve mixed BIP, in which some variables are binary
and some are continuous. This study employs the mixed BIP technique
to describe the formations for the machine environment of the open-shop,
job-shop, flow-shop, and permutation flow-shop.

To describe the problem, we introduce the following notations:

Symbol definition
Ji = job number i;
Mk = machine number k;
Oi j = operation number j of Ji (only used for the job-shop problems);

Problem parameters
M = a very large positive number;
n = number of jobs for processing at time zero;
m = number of machines in the shop;
Li = the upper limited waiting time of any two consecutive operations

of Ji ;
pik = the processing time of Ji on Mk;
rik = 1 if Ji requires Mk; 0 otherwise (only used for the open-shop

problems);
ri jk = 1 if Oi j requires Mk; 0 otherwise (only used for the job-shop

problems);

Ni = number of operations of Ji, that is, Ni =
m
∑

k=1
rik for the open-shop

problems and Ni =
m
∑

j=1

m
∑

k=1
ri jk for the job-shop problems (only

used for the open-shop and job-shop problems);
Ek = number of operations that might ever be processed on Mk, i.e.,

Ek =
n
∑

i=1

Ni
∑

j=1
ri jk (only used for the job-shop problems);

Decision variables
Cmax = maximum completion time or makespan; Cmax =

n
max
i=1

Ci;

gir = the starting time of the rth operation of Ji (only used for the
open-shop problems);

hkq = the starting time of the operation in the sequence position q on
Mk (only used for the job-shop, flow-shop, and permutation
flow-shop problems);
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wirk = 1 if the rth operation of Ji is scheduled on Mk; 0 otherwise (only
used for the open-shop problems);

xikq = 1 if Ji is scheduled in the qth position for processing on Mk; 0
otherwise (only used for the job-shop and flow-shop problems);

sik = the earliest start time of Ji on Mk (only used for the job-shop,
flow-shop, and permutation flow-shop problems);

zii′k = 1 if Ji precedes Ji′ on Mk (not necessarily immediately); 0 oth-
erwise (only used for the open-shop, job-shop, and flow-shop
problems);

zii′ = 1 if Ji precedes Ji′ (not necessarily immediately); 0 otherwise (only
used for the permutation flow-shop problems);

yiq = 1 if Ji is assigned to sequence position q; 0 otherwise (only used
for the permutation flow-shop problems).

3. Open-shop with limited waiting time constraints

In open-shops, there are no restrictions with regard to the routing of
each job through the machine environment. We must to determine a route
for each job, and different jobs may have different routes. This section
presents two mixed BIP formulations, namely OS-1 and OS-2, for solving
open-shop scheduling problems with limited waiting time constraints.

3.1 The OS-1 model

The OS-1 model bases on the precedence relationship between oper-
ations of the same job on consecutive machines in the processing require-
ments. The binary wirk that the model uses is restricted, and specifies the
order in which the r th operation of Ji is processed on Mk . The following
model employs the concept of one-operation-one-position to describe the
open-shop scheduling problems with limited waiting time constraints.

Minimize Cmax (1)

Subject to wirk ≤ Mrik i=1, 2, . . . , n; r=1, 2, . . . , Ni ; k=1, 2, . . . , m (2)
Ni

∑
r=1

wirk = rik i=1, 2, . . . n; k=1, 2, . . . , m (3)

gir ≤ Mwirk i = 1, 2, . . . , n; r = 1, 2, . . . , Ni ;

k = 1, 2, . . . , m (4)

gir +
m

∑
k=1

pikwirk ≤ gi,r+1 i=1, 2, . . . , n; r=1, 2, . . . , Ni−1 (5)
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gi,r+1 −
(

gir +
m

∑
k=1

pikwirk

)
≤ Li i = 1, 2, . . . , n;

r = 1, 2, . . . , Ni − 1 (6)

gi,Ni +
m

∑
k=1

pikwi,Ni ,k ≤ Cmax i = 1, 2, . . . , n (7)

Cmax ≥ 0; gir ≥ 0 i = 1, 2, . . . , n; r = 1, 2, . . . , Ni ;

wirk is binary i = 1, 2, . . . , n; r = 1, 2, . . . , Ni ; k = 1, 2, . . . , m. (8)

In the above model, constraint sets (2) and (3) describe the feasible
value of wirk . Constraint set (4) enforces gir = 0 when wirk = 0 .
Constraint set (5) guarantees that the starting time of Oi,r+1 is later than its
finish time of Oir . Furthermore, constraint set (6) ensures that the waiting
time of any two consecutive operations of Ji cannot greater than its upper
limited waiting time Li . Constraint set (7) gives the definition of Cmax

which is to be minimized in the objective function (1). Finally, constraint
set (8) specifies the non-negativity of Cmax and gir , and sets up the binary
restrictions for wirk .

3.2 The OS-2 model

This model uses binary variable zii′k to express the ‘either-or’ rela-
tionship for the non-interference restrictions on Mk . The following model
applies the concept of non-interference to solve open-shop scheduling
problems with limited waiting time constraints.

Minimize Cmax (9)

Subject to gir + pik ≤ gi,r+1 + M(1− rik) i = 1, 2, . . . , n;

r = 1, 2, . . . , Ni − 1; k = 1, 2, . . . , m (10)

gir + pik ≤ gi′r′ + M(2− rik − ri′k) + M(1− zii′k)

1 ≤ i < i′ ≤ n; r = 1, 2, . . . , Ni ; r′ = 1, 2, . . . , Ni′ ;

k = 1, 2, . . . , m (11)

gi′r′ + pi′k ≤ gir + M(2− rik − ri′k) + Mzii′k

1 ≤ i < i′ ≤ n; r = 1, 2, . . . , Ni ; r′ = 1, 2, . . . , Ni′ ;

k = 1, 2, . . . , m (12)

gi,r+1 − (gir + pik) ≤ Li + M(1− rik) i = 1, 2, . . . , n;

r = 1, 2, . . . , Ni − 1; k = 1, 2, . . . , m (13)
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gi,Ni + pik ≤ Cmax + M(1− rik) i = 1, 2, . . . , n;

k = 1, 2, . . . , m; (14)

Cmax ≥ 0; gir ≥ 0 i = 1, 2, . . . , n; r = 1, 2, . . . , Ni ;

zii′k is binary 1 ≤ i < i′ ≤ n; k = 1, 2, . . . , m . (15)

Constraint set (10) guarantees that the starting time of Oi,r+1 is later
than its finish time of Oir . Constraint sets (11) and (12) together enforce
the requirement that only one operation may be processed on a machine at
any time. That is, either gir + pik ≤ gi′r′ + M(2− rik − ri′k) or gi′r′ + pi′k ≤
gir + M(2 − rik − ri′k) . If rik = ri′k = 1 , then either gir + pik ≤ gi′r′ or
gi′r′ + pi′k ≤ gir . Meanwhile, constraint set (13) ensures that the waiting
time of any two consecutive operations of Ji cannot greater than its upper
limited waiting time Li . Constraint set (14) gives the definition of Cmax

which is to be minimized in the objective function (9). Finally, constraint
set (15) specifies the non-negativity of Cmax and gir , and sets up the
binary restrictions for zii′k .

3.3 Comparison of OS-1 and OS-2

French [3] stated that the speed with which IP problems can be solved
depends upon the number of variables and constraints in the problem, and
that the dominant factor is the number of binary variables. Wilson [14],
and Liao and You [5] showed that, if two formulations have the same num-
ber of binary variables, then the number of constraints is the next most
influential element. Accordingly, Table 1 summarizes the sizes of these
two models. The OS-2 model has the same number of continuous variables
as that of the OS-1 model, but has (mnNi − (1/2)mn2 + (1/2)mn) fewer

binary variables and
(

2m
n−1
∑

i=1

n
∑

i′=i+1
Ni Ni′ − 2mn− 2nNi + n

)
more con-

straints continuous variables. Thus, the OS-2 model is theoretically better
than the OS-1 model.

Table 1
Comparison of OS-1 and OS-2

Model No. of binary No. of constraints No. of continuous
variables variables

OS-1 mnNi 2mnNi + mn + 2nNi − n + 1 nNi + 1

OS-2 (1/2)mn2 − (1/2)mn 2m
n−1
∑

i=1

n
∑

i′=i+1
Ni Ni′ nNi + 1

+2mnNi −mn + 1
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4. Job-shop with limited waiting time constraints

In a job-shop, each job has its own processing order and this may bear
no relation to the processing order of any other jobs. This section presents
two mixed BIP formulations, namely JS-1 and JS-2, for solving job-shop
scheduling problems with limited waiting time constraints.

4.1 The JS-1 model

The JS-1 model bases on the precedence relationship between jobs
on consecutive machines in the processing requirements. The binary xikq
that the model uses is restricted, and specifies the order in which jobs are
processed on the machine. The following model employs the concept of
one-job-one-position to describe the job-shop scheduling problems with
limited waiting time constraints.

Minimize Cmax (16)

Subject to
Ek

∑
q=1

xikq =
Ni

∑
j=1

ri jk i = 1, 2, . . . , n; k = 1, 2, . . . , m (17)

n

∑
i=1

xikq = 1 k = 1, 2, . . . , m; q = 1, 2, . . . , Ek (18)

hkq +
n

∑
i=1

pikxikq ≤ hk,q+1 k=1, 2, . . . , m; q=1, 2, . . . , Ek−1 (19)

m

∑
k=1

ri jkhkq +
m

∑
k=1

ri jk pik

≤
m

∑
k=1

ri, j+1,khkq′ + M

(
2−

m

∑
k=1

ri jkxikq −
m

∑
k=1

ri, j+1,kxikq′

)

i = 1, 2, . . . , n; j = 1, 2, . . . , Ni − 1; q, q′ = 1, 2, . . . , Ek (20)
m

∑
k=1

ri, j+1,khkq′ −
(

m

∑
k=1

ri jkhkq +
m

∑
k=1

ri jk pik

)

≤ Li + M

(
2−

m

∑
k=1

ri jkxikq −
m

∑
k=1

ri, j+1,kxikq′

)

i = 1, 2, . . . , n; j = 1, 2, . . . , Ni − 1; q, q′ = 1, 2, . . . , Ek (21)

hk,Ek
+

n

∑
i=1

pikxi,k,Ek
≤ Cmax k = 1, 2, . . . , m (22)
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Cmax ≥ 0 hkq ≥ 0 , k = 1, 2, . . . , m; q = 1, 2, . . . , Ek

xikq = 0 or 1 i = 1, 2, . . . , n; k = 1, 2, . . . , m; q=1, 2, . . . , Ek. (23)

Constraint set (17) describes the feasible value of xikq . Constraint set
(18) ensures that each of Ji must be placed in a unique position of Mk .
Constraint set (19) enforces the technological requirements of each job.
Furthermore, constraint set (20) restricts that the starting time of Oi, j+1 to
be no earlier than its finish time of Oi j . Constraint set (21) ensures that the
waiting time of any two consecutive operations of Ji cannot greater than
its upper limited waiting time Li . Constraint set (22) gives the definition
of Cmax which is to be minimized in the objective function (16). Finally,
constraint set (23) specifies the non-negativity of Cmax and hkq , and sets
up the binary restrictions for xikq .

4.2 The JS-2 model

The JS-2 model utilizes integer binary variables zii′k to express the
‘either-or’ relationship for the non-interference restrictions for individual
machine. The following model applies the concept of non-interference to
solve job-shop scheduling problems with limited waiting time constraints.

Minimize Cmax (24)

Subject to
m

∑
k=1

ri jk(sik + pik) ≤
m

∑
k=1

ri, j+1,ksik i = 1, 2, . . . , n;

j = 1, 2, . . . , Ni − 1 (25)

si′k + pi′k ≤ sik + M(1− zii′k) 1 ≤ i < i′ ≤ n;

k = 1, 2, . . . , m (26)

sik + pik ≤ si′k + Mzii′k 1 ≤ i < i′ ≤ n;

k = 1, 2, . . . , m (27)
m

∑
k=1

ri, j+1,ksik −
m

∑
k=1

ri jk(sik + pik) ≤ Li i = 1, 2, . . . , n;

j = 1, 2, . . . , Ni − 1 (28)
m

∑
k=1

ri,Ni ,k(sik + pik) ≤ Cmax i = 1, 2, . . . , n (29)

Cmax ≥ 0, sik ≥ 0 i = 1, 2, . . . , n; k = 1, 2, . . . , m

zii′k = 0 or 1 1 ≤ i < i′ ≤ n; k = 1, 2, . . . , m . (30)
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Constraint set (25) restricts that the starting time of Oi, j+1 to be no
earlier than its finish time of Oi j . Constraint sets (26) and (27) enforce the
requirement that only one job may be processed on Mk at any time. If
both Ji and Ji′ are processed on Mk then either si′k + pi′k ≤ sik or
sik + pik ≤ si′k . Constraint sets (26) and (27) together guarantee that one
of the constraints must hold when the other is eliminated since zii′k is a
binary variable and M is a large enough positive number. Furthermore,
constraint set (28) ensures that the waiting time of any two consecutive
operations of Ji cannot greater than its upper limited waiting time
Li . Constraint set (29) defines Cmax to be minimized in the objective
function (24). Finally, constraint set (30) specifies the non-negativity of
Cmax and sik and the binary restrictions of zii′k .

4.3 Comparison of JS-1 and JS-2

The JS-1 model has (mnEk − (1/2)mn2 + (1/2)mn) more binary
variables than that of the JS-2 model, has (2nNi(Ek)2 − 2n(Ek)2 + 2mEk +
2mn− mn2 − 2nNi + n) more constraints and (mEk − mn) more contin-
uous variables. Thus, the JS-2 model is theoretically better than the JS-1
model.

Table 2
Comparison of JS-1 and JS-2

Model No. of binary No. of constraints No. of continuous
variables variables

JS-1 mnEk 2nNi(Ek)2 − 2n(Ek)2 mEk + 1
+2mEk + mn + 1

JS-2 (1/2)mn2 − (1/2)mn mn2 −mn + 2nNi − n + 1 mn + 1

5. Flow-shop with limited waiting time constraints

All jobs have to follow the same route in a flow-shop. This section
presents two mixed BIP formulations, namely FS-1 and FS-2, for solving
flow-shop scheduling problems with limited waiting time constraints.

5.1 The FS-1 model

The FS-1 model bases on the precedence relationship between jobs
on consecutive machines in the processing requirements. The binary xikq
that the model uses is restricted, and specifies the order in which jobs are
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processed on the machine. The following model employs the concept of
one-job-one-position to describe the flow-shop scheduling problems with
limited waiting time constraints.

Minimize Cmax (31)

Subject to
n

∑
q=1

xikq = 1 i = 1, 2, . . . , n; k = 1, 2, . . . , m (32)

n

∑
i=1

xikq = 1 k = 1, 2, . . . , m; q = 1, 2, . . . , n (33)

hkq + pikxikq ≤ hk,q+1 i = 1, 2, . . . , n; k = 1, 2, . . . , m;

q = 1, 2, . . . , n− 1 (34)

hkq + pikxikq ≥ hk+1,q′ + M(2− xikq − xi,k+1,q′)

i = 1, 2, . . . , n; k = 1, 2, . . . , m− 1; q, q′ = 1, 2, . . . , n (35)

hk+1,q′ − (hkq + pikxikq) ≤ Li + M(2− xikq − xi,k+1,q′)

i = 1, 2, . . . , n; k = 1, 2, . . . , m− 1; q, q′ = 1, 2, . . . , n (36)

Cmax = hmn +
n

∑
i=1

pimximn (37)

Cmax ≥ 0, hkq ≥ 0 k = 1, 2, . . . , m; q = 1, 2, . . . , n;

xikq =0 or 1 i=1, 2, . . . , n; k = 1, 2, . . . , m; q=1, 2, . . . , n. (38)

Constraint set (32) ensures that each operation of Ji is uniquely
placed on Mk . Constraint set (33) satisfies the requirement that each
position of Mk has a unique operation. Constraint sets (34) and (35)
enforce the technological requirements of each job. Meanwhile, constraint
set (36) ensures that the waiting time of any two consecutive operations
of Ji cannot greater than its upper limited waiting time Li . Constraint set
(37) gives the definition of Cmax which is to be minimized in the objective
function (31). Finally, constraint set (38) specifies the non-negativity of
Cmax and hkq , and sets up the binary restrictions for xikq .

5.2 The FS-2 model

The FS-2 model utilizes integer binary variables zii′k to express the
‘either-or’ relationship for the non-interference restrictions for individual
machine. The following model applies the concept of non-interference
to solve flow-shop scheduling problems with limited waiting time con-
straints.
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Minimize Cmax (39)

Subject to sik + pik ≤ si,k+1 i = 1, 2, . . . , n; k = 1, 2, . . . , m− 1 (40)

si′k + pi′k ≤ sik + M(1− zii′k) 1 ≤ i < i′ ≤ n;

k = 1, 2, . . . , m (41)

sik + pik ≤ si′k + Mzii′k 1 ≤ i < i′ ≤ n; k = 1, 2, . . . , m (42)

si,k+1 − (sik + pik) ≤ Li i=1, 2, . . . , n; k=1, 2, . . . , m−1 (43)

sim + pim ≤ Cmax i = 1, 2, . . . , n (44)

Cmax ≥ 0, sik ≥ 0 i = 1, 2, . . . , n; k = 1, 2, . . . , m

zii′k = 0 or 1 1 ≤ i < i′ ≤ n; k = 1, 2, . . . , m . (45)

Constraint set (40) enforces the technological requirements of each
job. Constraint sets (41) and (42) enforce the requirement that only one
job may be processed on Mk at any time. If both Ji and Ji′ are processed
on Mk then either si′k + pi′k ≤ sik or sik + pik ≤ si′k . Constraint sets (41)
and (42) together guarantee that one of the constraints must hold when the
other is eliminated since zii′k is a binary variable and M is a large enough
positive number. Furthermore, constraint set (43) ensures that the waiting
time of any two consecutive operations of Ji cannot greater than its upper
limited waiting time Li . Constraint set (44) defines Cmax to be minimized
in the objective function (39). Finally, constraint set (45) specifies the non-
negativity of Cmax and sik and the binary restrictions of zii′k .

5.3 Comparison of FS-1 and FS-2

The FS-1 model has the same number of continuous variables as
the FS-2 model, but it has ((1/2)mn2 + (1/2)mn) more binary variables
and (2mn3 − 2n3 + n + 1) more constraints. Thus, the FS-2 model is
theoretically better than the FS-1 model.

Table 3
Comparison of FS-1 and FS-2

Model No. of binary No. of constraints No. of continuous

variables variables

FS-1 mn2 2mn3 − 2n3 + mn2 + mn + 2 mn + 1

FS-2 (1/2)mn2 − (1/2)mn mn2 + mn− n + 1 mn + 1
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6. Permutation flow-shop with limited waiting time constraints

In a permutation flow-shop, a job cannot ‘pass’ another while waiting
in a queue. This section presents two mixed BIP formulations, namely
PFS-1 and PFS-2, for solving permutation flow-shop scheduling problems
with limited waiting time constraints.

6.1 The PFS-1 model

The FS-1 model bases on the precedence relationship between jobs
on consecutive machines in the processing requirements. The binary yiq
that the model uses is restricted, and specifies the order in which jobs
are processed. The following model employs the concept of one-job-one-
position to describe the permutation flow-shop scheduling problems with
limited waiting time constraints.

Minimize Cmax (46)

Subject to
n

∑
q=1

yiq = 1 i = 1, 2, . . . , n (47)

n

∑
i=1

yiq = 1 q = 1, 2, . . . , n (48)

h11 = 0 (49)

h1q +
n

∑
i=1

pi1 yiq = h1,q+1 q = 1, 2, . . . , n− 1 (50)

hk1 +
n

∑
i=1

pik yi1 = hk+1,1 k = 1, 2, . . . , m− 1 (51)

hkq +
n

∑
i=1

pik yiq ≤ hk+1,q k=1, 2, . . . , m−1; q=2, 3, . . . , n; (52)

hkq +
n

∑
i=1

pik yiq ≤ hk,q+1 k=2, 3, . . . , m; q=1, 2, . . . , n−1 (53)

hk+1,q − (hkq + pik) ≤ Li + M(1− yiq) i = 1, 2, . . . , n;

k = 1, 2, . . . , m− 1; q = 1, 2, . . . , n (54)

Cmax = hnm +
n

∑
i=1

pim yin (55)

Cmax ≥ 0, hkq ≥ 0 k = 1, 2, . . . , m; q = 1, 2, . . . , n;

yiq = 0 or 1 i = 1, 2, . . . , n; q = 1, 2, . . . , n . (56)
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Constraint sets (47) and (48) are the classical assignment problem,
with (47) insuring that each job is assigned to just one sequence position,
while (48) insures that each sequence position is filled with only one job.
Constraint sets (49), (50), and (51) insure there is no idle time on M1 , and
that J1 processes on all m machines without delay. Constraint set (52)
insures that the start of each job on Mk+1 is no earlier than its finish on
Mk . Furthermore, constraint set (53) insures that the job in position q + 1
in the sequence does not start on Mk until the job in position q in the
sequence has completed its processing on that machine. Constraint set
(54) ensures that the waiting time of any two consecutive operations of Ji
cannot greater than its upper limited waiting time Li . Constraint set (55)
defines Cmax to be the finish time of the last job processed on Mm . Finally,
constraint set (56) specifies the non-negativity of Cmax and hkq , and sets
up the binary restrictions for yiq .

6.2 The PFS-2 model

The PFS-2 model utilizes integer binary variables zii′ to express the
‘either-or’ relationship for the non-interference restrictions. The following
model applies the concept of non-interference to solve permutation flow-
shop scheduling problems with limited waiting time constraints.

Minimize Cmax (57)

Subject to sik + pik ≤ si,k+1 i = 1, 2, . . . , n; k = 1, 2, . . . , m− 1 (58)

si′k+pi′k≤ sik+M(1−zii′) 1≤ i< i′ ≤ n; k = 1, 2, . . . , m (59)

sik + pik ≤ si′k + Mzii′ 1 ≤ i < i′ ≤ n; k = 1, 2, . . . , m (60)

si,k+1−(sik+pik)≤Li i = 1, 2, . . . , n; k = 1, 2, . . . , m−1 (61)

sim + pim ≤ Cmax i = 1, 2, . . . , n (62)

Cmax ≥ 0, sik ≥ 0 i = 1, 2, . . . , n; k = 1, 2, . . . , m

zii′ = 0 or 1 1 ≤ i < i′ ≤ n (63)

Constraint set (58) insures that each job’s start time on Mk−1 is no
earlier than that job’s start time on Mk plus that job’s processing time
on Mk . Constraint sets (59) and (60) are the paired disjunctive constraints
which insure that Ji either precede Ji′ or follows Ji′ in the sequence, but
not both. If both Ji and Ji′ are processed on Mk then either si′k + pi′k ≤ sik
or sik + pik ≤ si′k . Constraint sets (59) and (60) together guarantee that
one of the constraints must hold when the other is eliminated since zii′ is
a binary variable and M is a large enough positive number. Meanwhile,
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constraint set (61) ensures that the waiting time of any two consecutive
operations of Ji cannot greater than its upper limited waiting time Li .
Constraint set (62) equate makespan to the maximum completion time of
all jobs on the last machine. Finally, constraint set (63) specifies the non-
negativity of Cmax and sik and the binary restrictions of zii′ .

6.3 Comparison of PFS-1 and PFS-2

The PFS-1 model has the same number of continuous variables as that
of the PFS-1 model, but has ((1/2)n2 + (1/2)n) more binary variables
and (n2 −mn + m− 2n− 2) fewer constraints. Thus, the PFS-2 model is
theoretically better than the PFS-1 model.

Table 4
Comparison of PFS-1 and PFS-2

Model No. of binary No. of constraints No. of continuous
variables variables

PFS-1 n2 mn2 − n2 + 2mn−m + n + 3 mn + 1

PFS-2 (1/2)n2 − (1/2)n mn2 + mn− n + 1 mn + 1

7. Conclusions

This study considers the open-shop, job-shop, flow-shop, and per-
mutation flow-shop scheduling problems with limited waiting time con-
straints. Eight mixed BIP models are proposed for solving these schedul-
ing problems. The models of OS-1 and OS-2 are for the open-shop with
limited waiting time constraints. The models of JS-1 and JS-2 are for
the job-shop with limited waiting time constraints. The models of FS-1
and FS-2 are for the flow-shop with limited waiting time constraints,
while the models PFS-1 and PFS-2 are for the permutation flow-shop
with limited waiting time constraints. This study employs ILOG OPL and
CPLEX to verify the accuracy of the above eight proposed mixed BIP
models. Theoretically speaking, OS-2 is better than OS-1, JS-2 is better than
JS-1, FS-2 is better than FS-1, and PFS-2 is better than PFS-1.
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