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Università degli Studi di Roma Tre

Largo San Leonardo Murialdo, 1

I-00146 Roma

Italy

Abstract

In this paper codes with two control symbols, built over some classes of groups, are
studied.
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1. Introduction

In [1] some codes with control symbol are studied, in particular a
code on the diedral group D5 is shown; this code can detect one error and
one transposition of consecutive letters.

In this paper we study some code built over different classes of
groups and having similar properties.
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2. A code on D2k+1

Our first result is about the construction of a code over a diedral
group.

Theorem. Let G be the diedml group D2k+1 , S ⊂ G the subset of the elements
of order two and:

C={(τ1, τ2, . . . , τ2n) : τi∈S, ∀ i=1, . . . , 2n, τ1 ◦ τ2 ◦ . . . ◦ τ2n = id};

then C is a code with one control symbol detecting one error and one trans-
position.

Proof. Since

G= D2k+1 = 〈ρ,σ〉={ρsσ t : o(ρ)=2k + 1, o(σ)=2, ρsσ =σρ2k+1−s}
and R = 〈ρ〉 = {ρs, s = 1, . . . , 2k + 1} is a normal subgroup of G , of index
two, the alphabet S = G \ R , over which C is defined, has the following
properties:

1. ∀ τ1, τ2 ∈ S : τ1 ◦ τ2 ∈ R
2. ∀ τ1, τ2 ∈ S : τ1 ◦ τ2 6= τ2 ◦ τ1 .

Generalizing [1], we can observe that this code detects one error;
furthermore this code detects also a transposition.

In fact let us suppose that the word (τ1, τ2, . . . , τi , τi+1, . . . , τ2n) is
wrongly transmitted as (τ1, τ2, . . . , τi+1, τi , . . . , τ2n) ; it is easy to check
that such word does not belong to C and this because of Property 2.

Moreover this is a code with one control symbol, e.g. τ2n .

3. A code over a group

We now consider the case of codes over groups with subgroups
satisfying particular conditions.

Theorem. Let G be a group, T1, . . . , Tk k subgroups of G such that Ti ∩ Tj =
{u} , ∀ i 6= j ; then

C = {(a1, a2, . . . , akn)/ah ∈ Ti − {u}

⇐⇒ h ≡ i mod k ∧
n−1

∏
t=0

atk+i = u, i = 1, . . . , k} ,

is a code over the alphabet
k⋃

i=1
Ti \ {u} , with k control symbols, one in each Ti
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and reveals up to k errors of places i1, i2, . . . , ik where ir 6≡ is mod k , r 6= s .
Moreover this code detects some permutation of letters.

Proof. Without loss of generality we can prove the theorem for k = 2 ; in
this case we have:

C = {(a1, a2, . . . , a2n)/a2h−1∈T1−{u}, a2h∈T2−{u}, h = 1, . . . , n

∧
n

∏
h=1

a2h−1 =
n

∏
h=1

a2h = u} .

This code has two control symbols, one in T1 and one in T2 and detects
two errors if they occur one in an even place and the other in an odd
one. Moreover this code detects a transposition as a consequence of the
minimal intersection of T1 and T2 .

In the general case C will have k control symbols, one in each
Ti moreover it will reveal up to k errors of places i1, i2, . . . , ik where
ir 6≡ is mod k , r 6= s .

Finally if the word (a1, a2, . . . , ai , . . . , ai+h, . . . , akn) is received as
(a1, a2, . . . , aσ(i), . . . , aσ(i+h), . . . , akn) , where σ ∈ Sh , h ≤ k , is a permu-
tation over h elements, the code will detect this error.

Observation. In a group G , |G| = ps1
1 · . . . · pst

t , a family of subgroups Ti
verifying the hypothesis of the previous theorem is the set of Sylow subgroups of
G , S1, . . . , St , where |Si| = psi .

4. A code with automorphisms

In [1] and [2] codes are considered of the following type:

C = {(g1, g2, . . . , gn)/gi ∈ G, π1(g1) · . . . · πn(gn) = c}
where G is a group, c a given element of G and π1, . . . , πn n permu-
tations over the elements of the group G .

Theorem. If G is a group, σ ∈ Aut(G) and σ 6= idG a non identical auto-
morphism of G such that:

(∗) σ(h · k) 6= k · h ∀ h, k ∈ G, h 6= k−1 ,

then the code:

C = {(g1, g2, . . . , gn)/gi ∈ G,σ1(g1) · . . . ·σn(gn) = c}
detects one error and one transposition.
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Proof. Following the results obtained in [1] the code C detects one error;
as for the capability of detecting transpositions we can observe that, if

σ(g1) ·σ2(g2) · . . . ·σ i(gi) ·σ i+1(gi+1) · . . . ·σn(gn)

= σ(g1) ·σ2(g2) · . . . ·σ i(gi+1) ·σ i+1(gi) · . . . ·σn(gn)

then it would result

σ(gi+1 · g−1
i ) = g−1

i · gi+1 .

Thus C always reveals a transposition since the automorphism σ

satisfies property (∗) .

Observation. For a commutative group, the previous condition becomes:

σ(g) 6= g ∀ g 6= u .

A family of commutative groups with automorphisms satisfying the
previous condition exists being for example the class of cyclic groups of
prime order.
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