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Abstract

In this paper codes with two control symbols, built over some classes of groups, are
studied.
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1. Introduction

In [1] some codes with control symbol are studied, in particular a
code on the diedral group Ds is shown; this code can detect one error and
one transposition of consecutive letters.

In this paper we study some code built over different classes of
groups and having similar properties.
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2. Acodeon D4

Our first result is about the construction of a code over a diedral
group.
Theorem. Let G be the diedml group Doyiq, S C G the subset of the elements
of order two and:

C={(m, ..., Ton) : ES,V i=1,...,2n,1yomo...0om,=id};

then C is a code with one control symbol detecting one error and one trans-
position.

Proof. Since
G=Dyy1=(p,0)={p°0" : 0(p) =2k +1,0(0) =2, P’ o =0 p* 175}

and R = (p) = {p°,s =1,...,2k+1} isanormal subgroup of G, of index
two, the alphabet S = G\ R, over which C is defined, has the following
properties:

1. V,meS:tpomn €R

2.V 1, mE€ES:mMom #THoT.

Generalizing [1], we can observe that this code detects one error;
furthermore this code detects also a transposition.

In fact let us suppose that the word (19,72, ..., T, Tit1,..., Ton) 18
wrongly transmitted as (71, 7,...,Tis1, T, ..., Ton); it is easy to check
that such word does not belong to C and this because of Property 2.

Moreover this is a code with one control symbol, e.g. T, .

3. A code over a group

We now consider the case of codes over groups with subgroups
satisfying particular conditions.

Theorem. Let G be a group, Ty, ..., Ty k subgroups of G suchthat T;NT; =
{u}, vV i##j;then

C = {(ay,az,...,a1,) /0y € T, — {u}
n—1
<= h=imod k/\Hathr,»:u,i:l,...,k},
=0

k
is a code over the alphabet ) T; \ {u}, with k control symbols, one in each T;
i=1
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and reveals up to k errors of places i1,1y, ..., i where i, # ismodk, r # s.
Moreover this code detects some permutation of letters.

Proof. Without loss of generality we can prove the theorem for k = 2; in
this case we have:

C = {(ay,az,...,004) /00y 1€T1—{u},ap, € To—{u}t,h=1,...,n
n n
/\Hﬂzh_lz Hathu}.
h=1 h=1

This code has two control symbols, one in T; and one in T, and detects
two errors if they occur one in an even place and the other in an odd
one. Moreover this code detects a transposition as a consequence of the
minimal intersection of T; and T5.

In the general case C will have k control symbols, one in each
T; moreover it will reveal up to k errors of places iy,ip,..., iy where
ir Zismodk, r#s.

Finally if the word (ay,az,...,4i,...,8;1p,...,05,) is received as
(al,az,...,ag(i),...,ag(iJrh),...,akn), where 0 € S, h < k, is a permu-
tation over h elements, the code will detect this error.

Observation. In a group G, |G| = pi' -...- pit, a family of subgroups T;
verifying the hypothesis of the previous theorem is the set of Sylow subgroups of
G, S1,..., S, where |S;| = p¥i.
4. A code with automorphisms
In [1] and [2] codes are considered of the following type:
C=1{(g1,82 -, 8n)/8i € G m(g1) ... 7algn) = c}

where G is a group, ¢ a given element of G and 7y,...,71, n permu-
tations over the elements of the group G.

Theorem. If G is a group, o € Aut(G) and o # idg a non identical auto-
morphism of G such that:

(x) o(h-k)#k-h YhkeG, h#k?,
then the code:

C={(81,82---,81)/8 €G, 0" (g1) ... 0" (gun) = c}

detects one error and one transposition.



20 R. PROCESI AND R. ROTA

Proof. Following the results obtained in [1] the code C detects one error;
as for the capability of detecting transpositions we can observe that, if

0(g1) - 0%(g2) .. 0% (gi) - o (gi1) .. 0" (gn)
=0(g1)-0%(g2) - 0" (gi1) -0 TH(g) ... 0" (gn)
then it would result
o(git1-87 ) =8 ' Git1-

Thus C always reveals a transposition since the automorphism o
satisfies property (x).

Observation. For a commutative group, the previous condition becomes:

o(g) #8 V g#u.

A family of commutative groups with automorphisms satisfying the
previous condition exists being for example the class of cyclic groups of
prime order.
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