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Abstract. In this paper we have presented a procedure to obtain
general exact analytical solutions of the field equations of Bimetric
General Relativity (BGR) for a static spherically symmertic perfect
fluid. The general analytical solution obtained depends on an arbi-
trary function of the radial coordinate. As illustrations of the proce-
dure the exterior and interior Schwarzschild solutions are regained in
BGR. The solutions agrees with the Einstein general relativty (GR)
for a physical system of the size of a solar system.
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1. Introduction

Exact explicit solutions have played a crucial role in the development
of many areas of physics and astrophysics. The first solution of Einstein’s
field equations of general relativity provided by Schwrazschild’s (1916) [11],
when he published details of the static, spherically symmetric vacuum met-
ric that now bears his name. In particular case where a perfect fluid source
for a static spherically symmetric gravitational field introduced, there have
been may exact solutions given, although, to the best of our knowledge, the
most general solution has not been obtained. Frequently, for mathematical
convenience, computations are performed prior to imposing conditions on
the reasnability of the equation of state, with the unfortunate consequence
that the resulting fluid might very well be physical in only a local region
of space-time, or indeed it might be unphysical everywhere. An alternative
line of attack is first to impose an equation of state, and then to attempt to

JOURNAL OF DYNAMICAL SYSTEMS & GEOMETRIC THEORIES
VOL. 4, NUMBER 1 (2006) 95-102.
c©TARU PUBLICATIONS

95



96 G.S. KHADEKAR AND GOPAL KONDAWAR

solve, or somehow to analyze, the resulting field equations. This generally
leads to little advance from an analytic standpoint, and so investigators
usually resort directly to numerical techniques. In the ensuing years very
few exact solutions were found by introducing new invariant techniques.
This led to an explosion of exact solutions being discovered.

Collins (1985) [2] examined the Einstein field equations of general rel-
ativity, when the source of the gravitational field is perfect fluid, and the
geometry is static and possesses spherically plane or hyperbolic symmetry.
It is shown that a previous qualitative treatment of static spherically sym-
metric perfect fluids that obey the γ-law equation of state can be extended
to include the case of plane and hyperbolic symmetry. In case of plane sym-
metry the exact solution is provided for general values of γ. Hojman and
Santamarina (1984) derived the exact solutions for the perfect fluid plane
symmetric cosmological models with cosmological constant and shown that
under an appropriate transformations the Λ = 0 and Λ 6= 0 cases are math-
ematically equivalent. Berger et al. (1987) derived the whole set of exact
spherically symmetric solutions with cosmological constants when the per-
fect fluid is assumed to a source of the gravitational field. Diaz and Pullin
(1988) [3] obtained the general solution for slowly rotating perfect fluid
spheres in general relativity. Gaete and Hojman (1990) [5] also find the
general exact solution of Einstein field equations for a self-gravitating per-
fect fluids to the case of time dependent distributions of matter.

In this paper we extend a procedure originally developed by Hojman
and Santamarina (1984) [7], Berger et al.(1987) [1] in general relativity and
Khadekar and Kandalkar (2004) [8] for the case of anisotropic pressure in
bimetric relativity to find the general static solution in the context of BGR
proposed by Rosen (1974, 1978) [4,5,9,10].

The approach consist of looking at the differential equations for the met-
ric coefficients without appealing a priori to any equation for state for the
self gravitating perfect fluid. This allows the introduction of an arbitrary
function G in terms of which it is possible to determine all relevant unknown
functions.

It is not claimed that the method necessarily provides a useful tool and
find new solutions. Rather, it should be understood as a device to gain
extra insight about the structure of the solutions of the field equations.

The paper is organised as follows: In section 2 we present the field
equations prescriptions used to obtain the solutions in bimetric relativity.
In section 3 examples are given for illustrating the method and discussion
is given in the last section.
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2. Field Equations and Generating Function

The BGR is a modification of Einstein’s relativity theory in order to
eliminate the singularities appearing in it., such as the singularity at the
center of the black hole or big bang in cosmology. In BGR there is a physical
metric gµν as in conventional GR and there is also a background metric γµν

having a curvature tensor Pλµνσ given by

(1) Pλµνσ =
1
a2

(γµνγλσ − γµσγλν),

where a is a constant taken to be the order of the size of the universe,
a ∼ 1028 cm. The field equations of BGR are taken to be the same as
in GR, except for the fact that ordinary derivatives of gµν are replaced
by covariant derivative with respect to γµν . Rosen (1980) found that field
equations in BGR can be written in the form of Einstein’s field equations,
but with an additional term on the right hand side

(2) Gν
µ = Sν

µ + T ν
µ

where Gν
µ is the Einstein tensor, T ν

µ energy stress tensor and

Sν
µ =

3
a2

(γµα gαν − 1
2

δν
µγαβ gαβ)

where a is very large this term is usually neglected, so that for phenomena
in solar system, BGR gives agreement with GR.

However, if one has a situation where according to GR, gµν has a singu-
larity, then this term can not be neglected and the field equation of BGR
may gives results different from those of GR.
We consider the static spherically symmetric system we take a physical
metric as

(3) ds2 = g2(r)dt2 − dr2 −R2(r)(dθ2 + sin2 θdφ2)

The energy momentum tensor for the perfect fluid distribution can ex-
pressed as

(4) T ν
µ = (ρ + p) UµUν − pδν

µ

where ρ, p and Uα are respectively the energy density, the isotropic pressure
and the unit time like four velocity of the fluid (Uα = 1

g δα
0 ).

If we take the back ground metric γαβ , de-Sitter universe of constant cur-
vature

(5) ds2 = (1− r2

a2
)dt2 − (1− r2

a2
)−1dr2 − r2(dθ2 + sin2 θdφ2)

By using equations (3) to (5) the field equations (2) following the procedure
of Rosen (1980) can be written as:

(6)
2R′′

R
+

R′2

R2
− 1

R2
=

3
2a2g2

− ρ
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(7)
R′2

R2
+

2R′g′

Rg
− 1

R2
= p− 3

2a2g2

(8)
R′′

R
+

g′′

g
+

R′g′

Rg
= p− 3

2a2g2

Here a prime denotes differentiation with respect to r.
The consequences of energy momentum conservation Tµ

ν; µ
= 0 leads to

(9) p′ + (ρ + p)
g′

g
= 0

It should be noted that the background metric does not appears in these
field equations, although it is responsible for the presence of the first term
on the right of each equation. One can define the effective density and
pressures ρe, pe (Harpaz and Rosen, 1985) as

(10) ρe = ρ− 3
2a2g2

, pe = p− 3
2a2g2

So that equations (6) to (8) can be written as

(11)
2R′′

R
+

R′2

R2
− 1

R2
= −ρe

(12)
R′2

R2
+

2R′g′

Rg
− 1

R2
= pe

(13)
R′′

R
+

g′′

g
+

R′g′

Rg
= pe

These equations look like the usual Einstein equations with ρ and p are
replaced by ρe and pe respectively. It is interesting that the equation (9)
can also be written in terms of ρe and pe as

(14) p′e + (ρe + pe)
g′

g
= 0

Integration of equation (11) gives

(15) R′2 = 1− 2me(R)
R

where

(16)
dme(R)

dR
=

1
2
ρeR

2

Replacing (14) and (15) into (12) gives

(17) (R− 2me)
[

1
R3

− 2
R2(ρe + pe)

dpe

dR

]
= pe +

1
R2

We define a function G(R) as

(18) G(R) = − (R− 2me)
pe + 1

R2
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In terms of G(R), equation (16) takes the form
(19)

R3G(G−R3)
dpe

dR
+R3(G+R3)(

dG

dR
+R2)pe+(G+R3)(R3+R

dG

dR
−2G) = 0

This is a first order linear differential equation in pe and can be integrated
at once if G(R) is a given function, in fact

(20) pe(R) = e
R

B(R)dR[p0 +
∫

C(R)e−
R

B(R)dRdR]

where p0 is a constant of integration and B(R) and C(R) are given by

B(R) =
(G + R3)(dG

dR + R2)
G(G−R3)

C(R) = − (G + R3)
GR3(G−R3)

[
R3 + R

dG

R
− 2G

]

After obtaining effective pressure pe the expression for effective density ρe

is easily calculated from equation (16) and (18) as

(21) ρe =
1

R2

[
1 +

dG

dR
pe + G

dpe

dR
− 2G

R3
+

1
R2

dG

dR

]

where pe(R) is given by equation (20).
The metric coefficient g can be found by direct integration of equation (14)

(22) g2 = g2
0 exp

[
−2

∫ dpe

dR

(ρe + pe)
dR

]

By using (17) and the definition (18), Eq. (22) implies

(23) g2 =
g2
0

R
exp

[
−

∫
R2

G
dR

]

where g0 being an integrating constant.
To complete the integration we can recover the original metric coefficient
R and the original variable r.
From equation (15)

(24) r =
∫

dR√
1− 2me

R

3. Example

I. Schwarzschild Exterior Solution
In the present case choose for instant

(25) G = −R2(R− 2M)

where M is constant and

(26) p0 = 0
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where such condition

(27) R3 + R
dG

dR
− 2G = 0

and consequently (see eq. (20))

(28) pe(R) = 0

(29) ⇒ p =
3

2a2g2

From equations (21), (27) and (28) imply

(30) ρe(R) = 0

(31) ⇒ ρ =
3

2a2g2

From equations (29) and (31)

(32) ρ = p

Also comparing equation (18) with (25)

(33) me(R) = M

Thus the equation (24) can be written as

(34) dr2 =
dR2

(1− 2M
R )

Finally from equation (23)

(35) g2 = (1− 2M

R
)

Equations (28), (30)and (35) represent exterior Schwarzschild solution.
Then line element (3) can be expressed as

(36) ds2 =
(

1− 2M

R

)
dt2 −

(
1− 2M

R

)−1

dR2 −R2(dθ2 + sin2 θdφ2)

II. Schwarzschild Interior Solution

In this part we will obtain the Tolman-Oppenheimer -Volkor (TOV) and
Schwarzschild interior equations in BGR.
The expression for g′

g can be obtained from equations (12) and (15),

(37)
g′

g
=

(R3pe + 2me)
2R2(1− 2me

R )1/2

Introducing equation (37) in to Eq.(14) we obtain the corresponding Tolman-
Oppenheimer -Volkor (TOV) equation.

(38) p′e = − (ρe + pe)(R3pe + 2me)
2R2(1− 2me

R )1/2
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Following Berger et al. (1987), we take

(39) G = −R3
A

√
1− R2

R2
0
−B(1− R2

R2
0
)

A
√

1− R2

R2
0
−B(1− 3R2

R2
0

)

where A,B and R0 are constants.
By using (39) and choosing p0 = 0 in the expression (20) for pe(R), it is
found that

(40) pe(R) =
1

R2
0

3B
√

1− R2

R2
0
−A

A−B
√

1− R2

R2
0

and from equation (21)

(41) ρe(R) =
3

R2
0

Also from equation (23) and (24)

(42) g2(R) = g2
0

[
A−B

√
1− R2

R2
0

]2

(43) h2(R) =
1

(1− 2me

R )
=

1
(1− R2

R2
0
)

Again from equations (40), (41) and (10)

(44) p(R) =
1

R2
0

3B
√

1− R2

R2
0
−A

A−B
√

1− R2

R2
0

+
3

2a2g2

(45) ρ(R) =
3

R2
0

+
3

2a2g2

The equations (42) to (45) represent the interior Schwarzschild solution in
BGR.

4. Discussion

The procedure exhibited here allows one to solve the field equations
(11)-(13) and their compatibility condition (14) with three quadratures
(Equations (20), (22) and (24)). For a physical system which is small
compared to the size of the universe such as solar a system, the term 3

2a2g2

in the field equations (6) - (8) is negligible. The result reduces to that of
by Berger et al. (1987) in Einstein general relativity. Also equation (38)
reduces to the Tolman-Oppenheimer -Volkor (TOV) equation in GR.

In a static solution it was demonstrated, once G is fixed that p and ρ can
be determined so that G contains the equation of state. It is also observed
that ρ > 0, p > 0 and ρ + p > 0. The last condition predicts that ρ + p 6= 0
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which is contrary to that of general relativity ρ + p = 0: (Berger et al.
(1987).

We claim that the method applied in this paper possess a very attractive
feature when extracting analytical information from the field equations: it
allows us to handle the whole family of solutions on the same footing.
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