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ABSTRACT. Physically meaningful solutions of Maxwell equations on
S3 x R spacetime are derived, as linear superposition of the a- and
[B-polarized, left- and right-moving modes, of positive and negative
frequencies. Using the orthonormal electric and magnetic fields in-
tensities, we compute the components of the Umov—Poynting vector,
of the effective momentum and the energy density. In the last section,
non-trivial solutions for the 4-potential A*, satisfying the F*J = 0
property, are employed to analyze how the presence of the electro-
magnetic vacuum modes is affecting the solution of the Klein—-Gordon
equation, in comparison to its usual form on the Minkowskian back-
ground.
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1. INTRODUCTION

In the last decades, field theories on curved manifolds and the inclusion of
gravity into gauge theories of elementary particles, in order to get the best
possible unification picture, have been main topics of investigation.14:19:21
In this respect, a special attention has been given to the Einstein’s Universe
since its maximal symmetry and compactness of space allow the formulation
of field theories in a similar manner as on the Minkowskian background.
Consequently, the Klein—Gordon, Weyl, Dirac and Rarita—Schwinger-type
equations have been written down, by simply going from the momentum
representation to the angular or total momentum one.?3%%79 Going be-
yond the simplest version to a cosmologically interesting generalization,
the spatially closed Friedmann-Robertson-Walker Universe, dominated by
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matter or by radiation, have been analyzed. It has been revealed that even
the vacuum electromagnetic modes in a radiation dominated FRW Universe
are potentially of importance since they are affecting the behavior of the
minimally coupled scalar boson, in comparison not only to the Minkowskian
manifold but also to the closed Robertson—-Walker background.'® More gen-
erally, it has been shown that special curvature effects are present in the
dynamical symmetry breaking in Einstein and spatially flat RW Universes,
such as phase transitions between symmetric and nonsymmetric vacua,
which occur at critical scalar curvatures.'” Recently, the vacuum Maxwell
theory on 4-dimensional flat Euclidean background with S® boundaries have
been worked out,'® with implications in a better understanding of the rela-
tion between quantum gravity, cosmology and particle physics. Moreover,
in the attempts of putting supersymmetric field theories on Riemannian
4-geometries with a 3-sphere boundary,'® there have been consistently de-
fined supersymmetric models, on S® x R spacetime,'"''? where, by letting
the radius of S® go to infinity, one gets physical results that can not be
computed in a Minkowskian background.?’

As the physical community is honoring, this year, Einstein’s pioneering
work and great achievements, as main architect of modern fundamental
physics, we claim that his model of Universe, with its 52 x R topology, is
still to be considered as a good background on which real physics can be
displayed. Since the photon is typical to all gauge fields and a whole quanti-
zation programme, with implications in quantizing the closed cosmologies,
is now carried out, we believe that working out physically meaningful so-
lutions of Maxwell equations on S% x R spacetime would be of interest.
Besides pointing out significant differences from the Minkowskian back-
ground, these solutions are employed in computing the components of the
Umov—-Poynting vector, the corresponding effective momentum and energy-
density. Finally, we use non-trivial solutions for the 4-potential A*, sharing
the F% = 0 property, to describe the scalar field evolving in this config-
uration. These results can be used, in a forthcoming paper, to develop a
first-order perturbative approach while dealing with bosons and fermions
in S$%x R Universe.

2. THE S3-MANIFOLD EULER-LIKE PARAMETRIZATION

To begin with, let us consider the embedding of S? into the 4-dimensional
Euclidean space R* of metric

(1) dS? = 6 dX'dX" | i k=T14.
Taking a as the radius of S3, the latter satisfies the obvious equation

(2) Sip X'XP = a?,
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so that, the usual local coordinates (y, O, ¢), performing the embedding of
53 into R*, generalize the ones of S? embedded in R3, namely

X' = asinysin©®cose,
X? = asinysin©Osing,
X% = asinycos®,

(3) X* = acosy,

where ¢ € [0, 27], © € [0, 7] and — generally — x € [0, 7]. Thence, taking
the differentials of (3), the induced metric on S® reads as usual

(4) ds3 = a® [(dx)? + sin® x dQ?]

where dQ? = (d©)? + sin? ©(d¢)? is the well-known metric of the unit
sphere S2. Nevertheless, due to the (2 + 2)-decomposition

(5) [(X1)2 4 (X2)2] + [(X3)2 + (X4)2] _ a2

of the S3-manifold equation in R*, one can introduce the so-called Euler

parametrization, (6, a, ), based on the following pair of complex hyper-
spherical coordinates

Z' = ae'®cosh = X' +iX?;

(6) Z? = aePsing = X3 +iX*,
which obviously satisfies the S3-constraint

(7) 12')? + |2 = &

and does correspondingly induce on S® the Euler metric
(8) ds3 = a® [(d9)? + cos? O(da)? +sin0(dB3)?] ,
which readily comes from the one of the flat R4,

(9) dS? = §,pdZ*dzZP, A, B=1, 2,

once the complex embedding is given by (6). Thence, the Euler-like coor-
dinates (0, a, 3) do actually define a foliation of S® by 2-tori which shrink
to circles at # = 0 and 0 = 7/2.

3. MAXWELL EQUATIONS AND SOLUTIONS

In the S x R spacetime described by the Lorentzian metric
(10) ds* = a? [d? + cos® @ da® + sin®0dpB?] — dt?,

where a = const. is the radius of the S® sphere and 0 < § < 7/2,0 <
a, B < 2m, the photons are described by the U(1) gauge invariant La-
grangian density

1
(11) Lo = ZF“bFab,
with the electromagnetic tensor,

(12) Fap = Apia — Aa + Ac (T 4 = T4,)
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expressed in terms of the 4-vector potential, A,. Following the usual pro-
cedure, one comes to the sourceless Maxwell equations,

(13) F®, + FT%, + F*T?, =0,
where ()|, is the derivative with respect to the pseudo-orthonormal tetradic

frame, {e,}, whose dual basis is:

2 = acosfda,

wl'=adl, w
(14) w3 =asinfdB, wt=dt.
In the canonical basis {%}i:ﬁv with {xi}izm =10, a, B,t}, the following
ansatz: A% = A2(0,[,t), A> = A3(0,a,t), A} = A* = 0 is obviously
satisfying the Lorentz condition

1 9

V5 o
Moreover, the Maxwell equations,

L i(
/=g OzF

(15) (V=g4') = 0.

(16) V=gF"*) =0,

cast into the single form

0%A 0A 1 8?4 a?9%A
S5 +t(1=32)5- + 5~ A
0z 0z  2(1—2)d¢ 4 Ot
where, for z = cos(20) and ¢ = 3, we get the equation for A(z,p,t) =
A%(0, 3,t) while, for z = — cos(20) and ¢ = «, we have gotten the one for
A(z,¢,t) = A%(0, a,t). Since the general integration of (17) was the aim of
a previous paper,® we are going to summarize now the general procedure
and to point out the main results. Applying the Fourier substitution

an (1-:3 Sy

(18) Az, 1) = Z(2)o(0)T(1)
one comes to the following system of differential equations,
(a) i + W =0
dt? -
d*¢
b) — + k%¢ =
(0) G5tk =0,
d*Z dz wa\ 2 K2
— 2 [ — _ _ — - —
(19)e) (1-23) 5 + (139 +{(2) L sa—g) 2=

where the last equation deserves a closer attention. Casting the solution
into the form

(20) Z(z) = (1-2)"U(z), v € R,

we come to the condition v? = (k/2)? and respectively select only the
v = |k|/2 root, in order to eliminate both the singularity and the divergence
in z = 1. Consequently, (19.c) turns into the following differential equation

d*U avu

(21) (1= 23 (1= [kl) — 3+ k) 2] -+
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[(%)2 —1- |k‘ (lkl +2)] U = 0, whose solution can be expressed in

terms of the Jacobl polynomials, '8

(22) Uni(2) = Pélk“)(z) ,

with the spectrum

2 k
(23) W = = [n+1+2q
of the stationary modes
(24) Tok(t) = ang exp(—iwpit) + bpk exp(iwnit) ,
with {an , bnk}féZN eC.

Now, we are in the position to write down the expressions in full of
the essential components of the electromagnetic potential, satisfying the
Maxwell equations, as being

(a) 420, 8,) = 2o Yooy { 28 (0) [L2(8,6) + Ry (8,0)] |+ A% (6,1),
() A%(00,t) = Yoo Yoy { 20 (0) [0 (o, t) + B (1)  +

Ay (6,1),
(25)
with the notations:
ZG)0) = (sind)™ P (cos(20)),
Z0) = (cos)™ P (cos(26))
L (B.t) = apy, expli(mf — wumt)] + Gy exp [—i(mfB — wumt)] |
() = 7317n’ exp [i(m'a — wpmt)] 4+ @2, exp [—i(m'a — wpmet)],
R:zn(ﬂvt) = 62 m €XP [—i(mfB + wpmt)] + bim exp [i(mf + wamt)]
R™ (a,t) = B3, exp [—i(m o+ wpmit)] + b2, exp [i(m o + wpmet)]

A%o) 0,t) = Z PO (cos(26)) [c20 exp(—iwnot) + Cog exp(iwnot)]

(26) A( Z P19 (cos(26)) (3o exp(—iwnot) + €5 exp(iwnot)] -
n=0

Omitting the rotationally symmetric components A%o)a AE’O) in (25), one
may notice that these solutions represent the linear superposition of the
a-polarized and (-polarized, left- and right-moving modes of positive and
negative frequencies. In this respect, a2, (b2,,) is the annihilation operator
for the a-polarized left—moving (right-moving) photon of angular momen-
tum m (—m) and energy 2 (n+ 1+ %), while a2, and b2, are the creation
operators associated to them The same goes for {a3 53 as o .}

nm’? “nm’» nm’> “nm/’

which respectively annihilate and create the 3-polarized photons of energy
2 (n +1+ %)
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4. ELECTRIC AND MAGNETIC FIELDS

The expression of the 4-potential A, derived in the previous section,
allows us to compute the contravariant components of the electromagnetic
tensor in canonical coordinates,

(27) Fik _ gijAkU_ _gijivj _ (gl]g7‘]; _g gém ) Am7
as being
F2 = oSS (X O) 05,0+ B (50
n=0m=1
P ;2 - 3 W) [£3(0.0) + B (00)]}
n=0m’'=1
F2% = Z Z {m Z,(9) [im’(a t) — R (a t)]}
a? cos? 6 00529 — 5 e e "
a2 sin? 0 ag{mznm [ G R?(ﬁ’t)}} ’
P i3S {omZ)0) [T + BRG]}
n=0m=1

(28) F31 = —ii i {wnm,zfl;),(e) [ig’(a,t)+1%;”’(a,t)”,

n=0m’'=1

where L and R have the same expressions as in (26) but with a minus sign
in front of the creation operators and we have introduced the notations:

Xom(0) = (sin6)™ [~ (m + 1 +2)sin(20) P (cos(26))
+ (mcot 6 — 2tan ) P,gmv”(cos(ze))} ,
Wom(0) = (cosf)™ [f(m + 1+ 2)5in(26) P27 (cos(26))
(29) +(2cotf — mtand) PL™ (005(29))}

Employing the homogeneous transformation

1 7 im
(30) Eo = ie[aelzf} 9ij Grm F7

where ef,e, = eqep — epe, and 1 < a < b < 4, we turn to the pseudo-
orthonormal tetradic frame (14) and express the respective components of
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the electric and magnetic fields, in Heaviside units, by

(a) Ey = Fo = —acosOF*

(b) E3 = F,, = —asin@F3*,

(¢) By = F oy = a?sinf cos OF?3

(d) By = F4 = —a’sinfF'3,
(31) (e) Bz =F .y = a?cosOF2.

Consequently, we get the following concrete expressions:
Ea = iawn [a;;‘k eitin — ah e~k 4 bA e~ ik — bA eiwﬁ‘k} FA0) , A =
2,3,

B = o [aletih —ad e — B e+, ] 2(0)
I et e B e 12, ] P),

By = - {aflk ik 4 ayy, e~ n 4 by, e Wnk + bk eiwik] Sinf Wai(9),

B = = [a2ehe 4 ad, e 452 e + 12, 6] cos0X,u(0)

(32)
with the notations:
nk = ka® —wnit, ¢,’?k = ka4 wut, o2 =0, =a,
F2(68) = cosO(sin0)F PV (cos(26)),
(33) 13(8) = sinf(cos 0)F P{1F) (cos(26)),
which allow us to compute the components of the Umov—Poynting vector,

(34) S. = ¢,""E,B,,

and the energy density of the electromagnetic field:
1
(35) w=3 " [E,Es + B,B,].

By integrating with respect to a and  one comes to the following results:

39 2

S0) = s3> ko o i ] S
n=0 k=1

2 2

(36)  S3(0) = 87raZkank[|ank| 2, ”%
n=0 k=1

and respectively

(37) Wy, = 277 Z Daﬁkf + ‘bfk 2} iy (0)

A=2,3
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FIGURE 1. The left and right figures respectively corre-
spond to h, (0) = h2 and h3, () = h3, given by (38), for
n = 1, with 6 in radians. The thickness of the plots is
increasing as k goes from 1 to 4.

where the expressions

Bu0) = [t S | POF +eos 00O,
B 0 = [t g PR 4 oo

are represented in Figure 1, as functions of 0 < 0 < 7/2, for n = 1 and
integer values of & = 1,4. The plots have increasing thickness as k goes
from 1 to 4.

Finally, on the static S® x R background, we turn from the components
of the effective momentum in the rigid basis

a3 w/2
(39) P,=% / S4(0) sin(20) db
0
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to the ones in the canonical basis which concretely are:

Py = 4w’ 33 e [la [ - 00 [7] 700

n=0k=1
@) Py dra 33 ke e - ] 7Y
n=0 k=1

where we have introduced the following notations:

™

3 2
ASEONE /2 sin® §(cos 0)%* [Pél’k)(cos(%?))} sin(26) df
0
I 2
= W/ (1—z)(1+2z)k {Pff’k)(x)} dzx,
-1
Bl 2
AL /2 cos?() sin )%* {P,(lk’l)(cos(%))} sin(26) df
0
I 2
(41) _ 2@/1(1 ) (1) [P0 @) de
As an example, for integer values of 0 < n < 6, the above integrals read:
1
I(l’k) — I(k’l) —
0 0 (k+1)(k+2)’
(Lk) _ (k1) 2
=4 = (k+2)(k+4)’
k) _ ey __ 165F2
2 2 (k+3)(k+6)’
4
I‘(lvk) — I(kvl) —
8 3 (k+4)(k+8)’
700 _ gy _ 26"
1 4 (k+5)(k +10)’
16k+2
M =) =39 2
5 > (k+6)(k+12)’
36k+2

42 R =gk -
(42) 6 6 (k+7)(k + 14)
while, for n > 6, one gets more complicated results, involving hypergeo-
metric functions.

Thence, we have computed the integrals of Poynting vector and energy
density through the two-tori slicing X3 for the solution ansatz in question.

5. VACUUM MODES

The interest for studying the vacuum modes is deeply motivated by the
productive attention which has been given, in the last 30 years, to quantum
fields and vacuum polarization effects on nontrivial topological structures,
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on curved and Euclidean manifolds.'® As a main result, it has been stated
that the instanton solutions, formally relating the multiple vacua, can be
seen as tunnelling events between vacuum states with different topological
quantum numbers. In the simplest global U(1) theory with spontaneous
symmetry breaking, all the vacua connected by rotations are equivalent,
and the zero energy excitations correspond the Goldstone bosons.® More-
over, it seems that special curvature effects are present in the dynamical
symmetry breaking in Einstein and spatially flat RW Universes, such as
phase transitions between symmetric and nonsymmetric vacua.'” Recalling
the form (27) of the Maxwell tensor in the coordinate basis, one gets the
following essential components:
1 [0A? 1 9A!

F? = — - — 2tanf A
a? | 80  cos?20 Oa an } ’

1[043 1 oAl
3 3
! :5_89 ~ 57 93 +2(30t9A},
pow L[ 1 04 1 0w

a2 |cos?f Oa  sin®6 9B |’
1 0A* 0A?

F24 _
a?cos?f Oa + ot ’
1 0A* 0A3
F34 _
a2sin®0 0p + ot ’
1 0A* OA!
u_ Loda oA
(43) F* = a2 o0 + ot

while the Lorentz condition (15) concretely becomes

0Al  9A?  9A®  9A* 1
(44) 50 + e + a5 + 5 + 2cot(20) A* = 0.

As previously, in the Friedman—Robertson-Walker Universe dominated by
radiation,!? we are going to show that, on the S®x R background, one can
find non-trivial A*—solutions sharing the F*J = 0 property. For the 4-vector
components depending only on # and ¢, the condition F¥/ = 0 together with
the Lorentz condition lead to the following system of differential equations:

DA? )
W_2tan914 = 07
DA s
W+2C0t914 = 07
1 0A* n OAL — 0
a? 00 ot
Al A4
(45) o4 + oA + 2cot(20) A' = 0.

00 ot
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Performing the variable separations,

ANt = QO)W(1),

(46) Aoty = ZOTW),
and taking Z = % and W = — aQ%, we come to the following solutions:
ko
A2 =
cos?6’
o= b
sin?6’

A = V20+1P}(cos(20))

x {01 cos [2 i+ ﬂ + Oy sin [2 IUESY ZH ,
A* = /(20 + 1)(€ + 1) Py(cos(26))
{—01 sin [%/Wi] +Cj cos {2 T ZH ,

with {k2, k3, C1, C2} constants of integration, which are expressed in
terms of the Legendre associated functions.'®

Let us investigate how the presence of these electromagnetic vacuum
modes is affecting the solution of the Klein—-Gordon equation which, on
S3 x R, can be written, in terms of the U(1)-gauge covariant derivative
Da¢ = ¢|a - Z.qAa(ba as

X

(47)

(48) D, (D%¢) — mZ¢ = 0 and its h.c.
or, in coordinate basis, as

1 1 1

o) COSTHQZ),O@ + m(b,ﬂg + ¢,00 +2 cot(20)d,g | — Dy
(49) — (m§ + q®A.A%) ¢ = 2igA¢), .

Using (46) and (47), one may easily check that, for a massless field, the
particular Bohm—Aharonov-like solution

(50) po(a, B,0,t) = exp {iga® [kaa + k33 + Q(O)T(t)] }

satisfies the equation (49). For taking into account the mass term as well,
we plug in the more general form

which splits the Klein-Gordon equation (49) into the ordinary differential
equations:

(52) 0" + 2 cot(20)0 + 41(1+1)© = 0,

410+ 1

o [

a

(53) + m%} x=0.
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Again, the © part is expressed in terms of the Legendre polynomials, namely
O(0) = Py(cos(20)), while the mg-enhanced t-depending one is:

4 1 4 1
(54) x(t) = Cicos |/m2+ @t + Cysin [{/m2 + % t

6. CONCLUSIONS

The aim of the present paper is to derive physically meaningful solutions
of Maxwell equations on S® x R spacetime, for the ansatz A2 = A2%(0, 3,1),
A3 = A3(0,a,t), AL = A* = 0, satisfying the Lorentz condition. As the
Maxwell equations cast into the single form (17), we describe the general
procedure of integration and get the essential components of the electro-
magnetic 4-potential, (25), as linear superposition of the a- and §-polarized,
left- and right-moving modes of positive and negative frequencies. The or-
thonormal components of the electric and magnetic fields allow us to com-
pute the components of the Umov-Poynting vector and the energy density
of the electromagnetic field in terms of the expressions {h%, } 4—2 3. These
are given by the relations (38) and are plotted in Figure 1, as functions of
0 <60 < m/2, for n =1 and integer values of k = 1,4. On static S3x R
background, we turn to canonical basis and the components of the effective
momentum are written down for integer values of the quantum number
0 < n < 6. Next, we have derived non-trivial solutions for the 4-potential
A* sharing the F = 0 property and satisfying the Lorentz condition.
Finally, we have dealt with the Klein—-Gordon-type equation, pointing out
that the presence of the derived electromagnetic vacuum modes is affecting
its general solution, in comparison to its usual form on the Minkowskian
background.

Ending up, we would like to make a final remark concerning the proper
physical dimensions. All over the paper, we have constantly used natural
Heaviside units, i.e. i = 1, ¢g = 1 = pg. Nevertheless, because in the
natural basis there are different physical dimensions between covariant and
contravariant components, mostly regarding the U(1)-gauge field connec-
tion A; and the natural 4-vector components A’ of the electromagnetic po-
tential, we firmly stress that all the derived relations hold for the “a = 1”
length-scale normalization, i.e. for the t = constant unit-S® (spacelike)
hypersurfaces.
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