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ABSTRACT. We derive invariants associated with compact real three-
dimensional hyperbolic manifolds which can be combined to form a
component of Thurston complex invariant. Explicit formulas for the
Chern-Simons invariant of irreducible U(n)—flat connections on hy-
perbolic fibered manifolds are obtained. We discuss supersymmetry
surviving for supergravity solutions involving real hyperbolic factors,
and briefly review the determinant line bundle with its connection
to the eta invariant, the global anomaly formula, and the vanishing
theorems for type (0, q) cohomology of locally symmetric spaces.
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1. INTRODUCTION

In this paper we give an expository overview of various topological invari-
ants associated to the Dirac operator, notably the eta invariant, and their
relation to the Chern-Simons functional. In a introductionary part we com-
ment on the possible role these invariants might play in three-dimensional
quantum gravity, though this part of the paper is mainly concerned with a
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short overview of the classification (uniformization) and sum over the topol-
ogy for low-dimensional cases, following the lines of [27, 68, 24, 16, 19].

The problem of geometries classification is one of the main problem in
complex analysis and in mathematics as a whole, and plays a fundamen-
tal role in physical models. All curves of genus zero can be uniformized
by rational functions, all those of genus one can be uniformized by elliptic
functions, and all those of genus more than one can be uniformized by mero-
morphic functions, defined on proper open subsets of C. This result, due
to Klein, Poincaré and Koebe, is one of the deepest achievements in math-
ematics. A complete solution of the uniformization problem has not yet
been obtained, excepted for the one-dimensional complex case. However,
there have been essential advances in this problem, which have brought to
foundations for topological methods, covering spaces, existence theorems
for partial differential equations, existence and distorsion theorems for con-
formal mappings, etc.

In accordance with Klein-Poincaré uniformization theorem, each Rie-
mann surface can be represented (within a conformal equivalence) in the
form I'\X, where ¥ is one of the three canonical regions, namely the ex-
tended plane C (the sphere S?), the plane C (R2), or the disk, and T is a
discrete group of M6bius automorphisms of ¥ acting freely there. Riemann
surfaces with such coverings are elliptic, parabolic and hyperbolic type,
respectively. This theorem admits a generalization also to surfaces with
branching. A different approach to the solution of the uniformization prob-
lem was proposed by Koebe. The general uniformization principle of Koebe
asserts that if a Riemann surface 3 is topologically equivalent to a planar
region P, then there also exists a conformal homeomorphism of ¥ onto
P. The same problem of analytic uniformization reduces to the topological
problem of finding all the (branched, in general) planar coverings Y — X of
a given Riemann surface >.. The solution of this topological problem is given
by the theorem of Maskit. With the help of standard uniformization theo-
rems and decomposition theorems [44], one can construct and describe all
the uniformizations of Riemann surfaces by Kleinian groups. Furthermore,
by using the quasiconformal mappings, one can obtain an uniformization
theorem of more general character!, namely it is possible to prove that
several surfaces can be uniformized simultaneously.

1.1. Classification of three-geometries. For any closed orientable two-
dimensional manifold X1 the following result holds: every conformal struc-
ture on Xr is represented by a constant curvature geometry. The only
simply connected manifolds with constant curvature are S? or R? or H?
and Xr can be represented as I'\X, where T is a group of isometries.

Let us now turn to the classification of the three-geometries following
the presentation of [64, 63]. By a geometry or a geometric structure we
mean a pair (M, T'), that is a manifold M and a group T acting transitively

LThis fact is related to Techmiiller spaces.
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on M with compact point stabilizers (following [64] we also propose that
the interior of every compact three-manifold has a canonical decomposition
into pieces which have geometric structure). Two geometries (M,I") and
(M',T") are equivalent if there is a diffeomorphism of M with M’ which
throws the action of T onto the action of IV, In particular, I" and T must
be isomorphic. Let us assume that:

e The manifold M is simply connected. Otherwise it will be suffi-
cient to consider a natural geometry (M, I'), M being the universal
covering of M and T denoting the group of all diffeomorphisms of
M which are lifts of elements of T'.

e The geometry admits a compact quotient. In another words, there
exists a subgroup T of T which acts on M as a covering group and
has compact quotient.

e The group I' is maximal. Otherwise, if I' C I then any geometry
(M,T) would be the geometry (M,T”) at the same time.

Conjecture 1 (W. P. Thurston [64], Section 4). Any maximal, simply
connected, three-dimensional geometry admitting a compact quotient is
equivalent to one of the geometries (M,T), where M is one of the eight
manifolds:

R*, §*, H®, S xR, H?> xR, SL(2,R), Nil, Sol.

The group properties and more details of these manifolds may be found
in [63]. The first five geometries are familiar objects, so we briefly dis-
cuss the last three ones. The group S’E(ZR) is the universal covering of
SL(2,R), the three-dimensional Lie group of all 2 x 2 real matrices with
unit determinant. The geometry of Nil is the three-dimensional Lie group
of all 3 x 3 real upper triangular matrices with ordinary matrix multipli-
cation. It is also known as the nilpotent Heisenberg group. The geometry
of Sol is the three-dimensional (solvable) group. The manifold modelled
on SA'E(Q,R) or Nil are Seifert fibre spaces and those modelled on Sol are
bundles over S' with fibers the torus or the Klein bottle.

We also note the recent asserts for Ricci flow on three-manifolds. The
Ricei flow with surgery was considered in [34]. An attempt to construct a
canonical Ricci flow, defined on largest possible subset of space-time, has
been made in [57, 58]. In fact it provides a proof of Poincaré’s conjec-
ture (implying Thurston’s conjecture) - even though this proof is not yet
generally accepted in literature.

1.2. Classification of four-geometries. Unlike the case of compact Rie-
mann surfaces or three-dimensional manifolds, very little is known about
the uniformization of N-dimensional manifolds (N > 3) by Kleinian groups.
Some information on four-geometries from the point of view of homogeneous
Riemannian manifolds and Lie groups the reader can find in [38, 10].

The list of Thurston three-geometries has been organized in terms of the
compact stabilizers I'; of 0 € M isomorphic to SO(3), SO(2) or trivial
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Table 1. List of four-geometries

Stabilizer ', Manifold M

SO(4) S, R4, H4

U(2) CP?,CH?

SO(2) x SO(2) S? x R%,S? x §2,S% x H?, H? x R?, H? x H?
SO(3) S xR, H3 x R

SO(2) Nil® x R, PSL(2,R) x R, Sol*

St F*

trivial Nil*, Soly, ,, (including Sol® x R), Sol{

group SO(1). The analogue list of four-geometries also can be organized
(using only connected groups of isometries) as in Table 1.

Here we have the four irreducible four-dimensional Riemannian symmet-
ric spaces: sphere S*, hyperbolic space H*, complex projective space CP?
and complex hyperbolic space CH? (which we may identify with the open
unit ball in C? with an appropriate metric). The other cases are more
specific and for the sake of completeness we shall illustrate them.

The nilpotent Lie group Nil* can be presented as the split extension
R3 oy R of R by R (the symbol @ denotes semidirect product). The
quotient R acts on the subgroup R?® by means of U(t) = exp(tB), where

0 10
B = 0 0 1 . In the same way, for the soluble Lie groups one
0 0 0

has Soly, . = R® 0r,, , R, where T n(t) = exp(tCm,n) and Cpp =
diag(a, 8,7), with the real numbers o > 8 > v and a + f+ v = 0. Fur-
thermore e, e and e are the roots of A* — mA? + nA — 1 = 0, with
m, n positive integers. If m = n, then § = 0 and Solfn,n = Sol® xR. In
general, if Cp, .y, o Cpy s, then Soly, = Soly, .. When m*n® 4 18 =
4(m? + n3) + 27, one has a new geometry, Solg, associated with the group
SO(2) of isometries rotating the first two coordinates. The soluble group

1 b ¢
Sol}, is most conveniently represented as the matrix group [ 0 o a ,
0 0 1

with a,a,b,c € R, o > 0. Finally the geometry F*4, related to the isome-
try group R?2 @ PSL(2,R) (PSL(2,R)) = SL(2,R)/{—1,1}) and stabilizer
SO(2), is the only geometry which admits no compact model. A connection
of these geometries with complex and Kéhlerian structures (preserved by
the stabilizer I';) can be found in [68].
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1.3. Comments. We conclude this section with some remarks. In two-
dimensional quantum gravity, as defined by string theories, it seems neces-
sary to perform the sum over all topologies. As for the closed compact case,
there is a complete set, the Euler characteristic x = 2 —2g. Thus, the func-
tional integral could be written in the form: [[Dg] = >"7" [ (fixed genus) [D9] -

A necessary first step to implement this to the three-dimensional case
is the classification of all possible three-geometries by Kleinian groups. In
three-dimensional quantum gravity the partition function for a fixed topol-
ogy can be computed using the Chern-Simons theory [72, 73, 74, 8]. Such
ansatz is an equivalent to a mathematical question: the computation of the
corresponding Ray-Singer torsion. If Thurston’s conjecture is true, every
compact closed three-dimensional manifold can be represented as follows
[1]: Upey Tn,\Gh, , where ng € (1,...,8) represents one of the eight geome-
tries, and I" is the (discrete) isometry group of the corresponding geometry.
It has to be noted that gluing the above geometries, characterizing different
coupling constants by a complicated set of moduli, is a very difficult task.
Perhaps this can be done, however, with a bit of luck.

Important geometric invariants which can be defined are the volume
and the Chern—Simons invariants. Thurston suggests to combine these two
invariants into a single complex invariant whose absolute value is
exp ((2/m)Vol(M)) and whose argument is the Chern-Simons invariant of
M, CS(M) [64]. Taking into account the Thurston classification of all
possible three-geometries this invariant can also be presented in the form

(2
(1) W=exp { U <7TV01(Fn£\GnZ) + 47\/jlcs(rnf\Gn€)> } ~
=1

If we make the intuitive requirement that only irreducible manifolds have
to be taken into account (see the next Section for supersymmetry surviving
arguments in favour of this requirement), then the manifolds modelled on

S? x R, H? x R
have to be excluded in three-dimensions, while the manifolds modelled on
S? x R?,8?xS?% S?xH? H? x R, H? x H?,
S x R, H xR, Nil® xR, PSL(2,R) x R, Sol® x R

have to be neglected in four-dimensions. There is only a finite number of
manifolds of the form T\RY, T\S¥ for any N [75]. It seems that in field the-
ory the more important contribution to the vacuum persistence amplitude
should be given by the hyperbolic geometry, the other geometries appearing
only for a small number of exceptions [10]. Indeed, many three-manifolds
are hyperbolic (according to a famous theorem by Thurston [64]). For ex-
ample, the complement of a knot in S® admits a hyperbolic structure unless
it is a torus or satellite knot. Moreover, after the Mostow Rigidity Theorem
[53], any geometric invariant of a hyperbolic three-manifold is a topological
invariant. In this work, we will follow this prescription and concentrate on
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compact hyperbolic spaces and topological invariants associated with that
geometry.

This paper is organized as follows. In Section 2 we discuss solutions of
the eleven-dimensional supergravity, which can be presented by means of
direct product of spaces containing real hyperbolic space forms as factors,
and the questions of supersymmetry surviving under the orbifolding. In
Section 3.1, we recall the definition of the Laplace operator on p—forms,
and discuss its relation to the Ray-Singer norm, specially for the case of
three-dimensional compact hyperbolic manifolds. This is one of the essen-
tial point for our calculation of hyperbolic contribution to the Thurston
complex invariant. Spectral functions of hyperbolic geometry are consid-
ered in Section 3.2. Using the standard definition for the Dirac bundle
and holomorphic eta function we review the results of Millson [49], and
Moscovici and Stanton [51, 52] on the spectral Selberg type zeta functions
(Shintani functions). The invariant under consideration involves analytic
torsion on a hyperbolic three-manifold, which can be expressed by means
of Selberg zeta functions associated with twisted eta invariant of Atiyah-
Patodi-Singer. Odd dimensional non-compact hyperbolic spaces with cusps
are considered in Section 3.3. We note that spectral eta invariants in the
case of non-compact spaces with cusps similar to that in the compact case.
In Section 4 the explicit formula for U(n)—Chern-Simons invariant (Theo-
rem 4) is obtained. If the three-manifold is a homology three-sphere, every
U (n)—representation of the fundamental group is a SU(n)—representation.
Thus our main Theorem 4 computes the Chern-Simons invariant for any
representation of the fundamental group in the case of hyperbolic fibered
homology three-spheres. Brief discussion of the classification of sufficiently
large manifolds (Haken class) is contained in Section 4.1. The determinant
line bundle with its connection to the eta invariant and the global anomaly
formula is considered in Section 4.2. Thus, the topological invariants men-
tioned above can be combined to the hyperbolic components of Thurston
complex invariant. Finally in Section 4.3 we review the vanishing theorems
for type (0, ¢) cohomology of locally symmetric spaces G/ K, using results of
Williams [70]. If K is a finite complex, and if the orthogonal representation
x of fundamental group 71 (K) is acyclic (i.e. the vector space H?(K;x) of
twisted cohomology classes is zero for all ¢), then the Ray-Singer torsion
is an invariant. We assume that the complexification G of G is simply-
connected, and take under consideration the vanishing theorems for the
case of G—invariant complex structure. We use known interactions be-
tween complex manifold theory and the representation theory of compact
Lie groups. The classical Cartan-Weil “highest weight” theory parametrizes
the irreducible holomorphic modules via Lie algebra data. The Borel-Weil
theorem gives a concrete realization of such a module. This theorem as-
serts, in effect that all finite-dimensional, holomorphic, irreducible modules
for a simply-connected complex semi-simple Lie group G are related by the
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modules of holomorphic sections of appropriate homogeneous G bundles
[13, 14, 66, 65, 69].

2. HYPERBOLIC SPACE FORMS IN M-THEORY

In this Section we discuss solutions of the eleven-dimensional supergrav-
ity which can be presented by means of direct product of spaces containing
real hyperbolic space forms as factors and supersymmetry surviving under
the orbifolding. In eleven-dimensional supergravity the graviton multiplet
contains the graviton gpsy, the antisymmetric three-form Ay and the
gravitino ¥y, (M,N,K,... = 0,1,...,10). The bosonic part of the super-
gravity Lagrangian has the form

(2) L(boson) =

Ve 1 MNP 1 _M..M
Gy (R— s5iFunpoF Q)= LreMeMu Ay v vty Faryovis Pty -

A solution to the equations of motions

1

1
—|F FyPQER _ — F?
12( MPQRY'N 12gMN ,

1
4 FMNPQ _  _ NPQR;.
@ Vu 1152°
is provided by the Freund-Rubin ansatz for the antisymmetric field strength
(5)

Frinpg = 6mo emnpg for m,n,...=7,...,10; Fynpg =0 otherwise.

(3) Run

"R
SFRy..R.FRs..Rs

By substituting this ansatz into the field equations (3) we get
(6) R, = —Gm%gw, v =0,..6, Ron = 12m3gmn -

The requirement of unbroken supersymmetry, i.e., the vanishing of the grav-
itino transformation

1
(7) 5\IJM = VMé‘ — @ (FMPQRS — 85MPFQRS) 5FPQRS ,
for the ansatz (5), is equivalent to the existence of SO(1,6) and SO(4)
Killing spinors 6 and 7, respectively, which satisfy

1
(8) Vil = £5moyd, Vi = Emoymn,

where 7y, (V) are SO(1,6) (SO(4)) y-matrices. Eq. (6) admits solution of
the form X7 x Y* where X7 and Y* are Einstein spaces of negative and
positive curvature, respectively. But only those spaces that admit Killing
spinors obeying Eq. (8) preserve supersymmetry. The integrability condi-
tions of Eq. (8) are W,,p67770 = 0, Winpgy?9n = 0, where W0, Winnpg
are the Weyl tensors of X7, Y*, respectively. Thus, obvious supersym-
metric examples for Y* include the round four-sphere S* and its orbifolds
I'\S*, where I is an appropriate discrete group [26]. For the X7 space one
can take the anti de Sitter space AdS7, which preserves supersymmetry as
well, and leads to the AdS7xS?* vacuum of eleven-dimensional supergravity.
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There are solutions to Eq. (6) involving hyperbolic spaces which are vacua
of eleven-dimensional supergravity, and solve Eqs. (3), (4):

(l) AdS'],N XHNXS47 NZ 2

(i)  AdS3xH?xH?xS*

(iii) AdSyxH?xH?xS*

Let us consider an irreducible rank one symmetric space X = G/K of
non-compact type. Thus G will be a connected non-compact simple split
rank one Lie group with finite center and K C G will be a maximal compact
subgroup. Up to local isomorphism we can represent X by the following
quotients:

X = SOy(N,1)/SO(N), SU(N,1)/U(N),
(9) SP(N,1)/(SP(N) x SP(1)). Fi_a0)/Spin(9),

where the dimension of the spaces is N,2N,4N, 16 respectively in these
cases. For details on these matters the reader may consult [35]. The spher-
ical harmonic analysis on X is controlled by Harish-Chandra’s Plancherel
density p(r), a function on the real numbers R, computed by Miatello
[47, 48, 20], and others, in the rank one case we are considering. The ob-
ject of interest is the groups G = SO;(N,1) (N € Z;) and K = SO(N).
The corresponding symmetric space of non-compact type is the real hyper-
bolic space X = HY = SO;(N,1)/SO(N) of sectional curvature —1. Its
compact dual space is the unit N —sphere.

2.1. Cosets I'\G/K and Killing spinors. We have discussed supergrav-
ity solutions involving anti de Sitter and real hyperbolic space factors. Hy-
perbolic space forms admit Killing spinors [15, 32, 42, 43] but they have
infinite volume with respect to the Poincaré metric, and do not seem useful
for describing internal spaces in fields compactifications. Let us regard T’
as a discrete subgroup of G acting isometrically on X, and take Xt to be
quotient space by that action: Xpr = I'\G/K. The question of interest is
whether space Xt admits Killing spinors and preserves supersymmetry.

The hyperbolic manifolds H”, as factors in solution (i), admit Killing
spinors. However, having the space forms (ii), (iii) : AdS3xH? x H? x S,
AdSyxH2xH?xS*, as the solutions of supergravity theory, one can recognize
that the factors H2xH?2, H?xH? cannot leave any unbroken supersymmetry.
Indeed, the following result holds:

Proposition 1. (7. Friedrich [31]). A Riemannian spin manifold (M, g)
admitting o Killing spinor ¢ # 0 with Killing number u # 0 is locally
irreducible.

Proof. Suppose that the locally Riemannian product has the form M~ =
MExMN=K_ Let X,) be vectors tangent to M ¥ and MY~ respectively,
and, therefore, the curvature tensor of the Riemannian manifold (MY g)
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is trivial. Since v is a Killing spinor the following equations hold:

VXw = /~LX : 11213
4402 [N(N —1)] 'R at each point of a connected Riemannian
(10) spin manifold (MY, g),
where R is a scalar curvature. Because of (10) we have
VaVyt =u(Vad) o+ p’y - X -y =
(11) (VaVy = VyVa = Vigy)) = 12 (V- X = X - V).
The curvature tensor R(X,Y) in the spinor bundle & is related to the cur-
vature tensor of the Riemannian manifold (M¥,g): R(X,)) =
(1/4) Z;\;l e;R(X,Y)e; -1, where {ej}j»v:l is a orthogonal basis in the man-
ifold. Therefore Eq. (11) can also be written as

N
(12) > R Ve + [N — DI T'R(XY — YX)y = 0.
j=1
From Eq. (12) we get R-X-)-¢ = 0, and moreover X and ) are orthogonal
vectors. Since p # 0 (R # 0) it follows that ¢» = 0, hence a contradiction. O

We have also the following statement:

Proposition 2. (T. Friedrich [31]). Let (M, g) be a connected Riemann-
ian spin manifold and let 1 is a non-trivial Killing spinor with Killing
number u # 0. Then (MY, g) is an Einstein space.

Proof. The proof easily follows from Proposition 2; indeed (M?",g) is
an Einstein space of scalar curvature given by Eq. (10). O

Spaces with finite volume of fundamental domain can be obtained by
forming the coset spaces with topology I'\H” where I is a discrete sub-
group of the isometry group. Let us comment on the supersymmetry of
these spaces following the lines of [40, 62]. For non-trivial I' and finite vol-
ume space I'\HY it has been shown [40] that for even N supersymmetries
are always broken by the identifications. Indeed, the isometry group of HY
is SO1(N,1) and T is in general a subgroup of SO;(N,1), which may or
may not have fixed points. Killing spinors are in the spinorial represen-
tation of SO1(N — 1,1), and if T' is a subgroup of SO;(N — 1,1), but it
is not a subgroup of SO;(N — 3,1), then there are no surviving Killing
spinors. The later exist if I' € SO;(N — 3, 1), but in this case T\HY will
still be of infinite volume. Therefore, for even N there is no finite volume
cosets I'\HY with unbroken supersymmetries. On the other hand, for odd
N this analysis does not exclude that an appropriate choice of I' could
give a supersymmetric model with finite volume hyperbolic space. For odd
N there are two Killing spinors on HY in the spinorial representation of
SO;(N —1,1). These spinors are also Weyl spinors of the isometry group
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S0O1(N, 1), so they form an irreducible Dirac spinor of SO;1(N,1). All su-
persymmetries are broken if T' is not a subgroup SO (N —1,1). If I'is a
subgroup SO; (N —1,1), then half of the supersymmetries survive. A ques-
tion of interest is whether supersymmetry survives under the orbifolding
by the discrete group I'. Perhaps there are more solutions involving real
hyperbolic spaces, where some supersymmetries are unbroken. However the
analysis of that problem is complicated and we leave it for other occasion.

3. BUNDLES OVER LOCALLY SYMMETRIC SPACES AND SPECTRAL
FUNCTIONS

3.1. The Laplace operator and the Ray-Singer norm. Let us con-
sider an N —dimensional compact real hyperbolic space Xp with universal
covering X and fundamental group I". As before we can represent X as
the symmetric space G/K. Then we regard I' as a discrete subgroup of
G acting isometrically on X , and we take Xt to be the quotient space by
that action: Xp = I'\X = I'\G/K. Let 7 be an irreducible representa-
tion of K on a complex vector space V., and form the induced homoge-
neous vector bundle G x gk V; (the fiber product of G with V; over K)
— X over X. Restricting the G action to I' we obtain the quotient bun-
dle B, =T\(G xg V) — Xr = I'\X over Xp. The natural Riemannian
structure on X (therefore on Xr) induced by the Killing form ( , ) of @
gives rise to a connection Laplacian £ on E.. If Qg denotes the Casimir
operator of K — that is Qg = — ny, for a basis {y;} of the Lie algebra
€ of K, where (y; ,y¢) = —d¢, then 7(Qx) = A I for a suitable scalar ..
Moreover for the Casimir operator Q2 of G, with 2 operating on smooth
sections ' E, of E; one has £ = Q — \.I ; see Lemma 3.1 of [67]. For
A >0 let

(13) I'*“(X ,E;), ={seT™E |-£s=As}

be the space of eigensections of £ corresponding to A. Here we note that
since Xr is compact we can order the spectrum of —£ by taking 0 =
Ao < At < Ag < --e5 im0 Aj = 0o, We shall specialize 7 to be the
representation 7() of K = SO(N) on APCV. Tt will be convenient moreover
to work with the normalized Laplacian £, = —c¢(N)£ where ¢(N) = 2(N —
1). £, has spectrum {c(V)A; ,mj};io where the multiplicity m; of the
eigenvalue ¢(N)\; is given by
(14) mj = dim I'*® (X ’ET(p)))\j .

If £, is a self-adjoint Laplacian on p—forms then the following results

hold. There exists €, > 0 such that for 0 < ¢ < § the heat kernel expansion
for Laplace operators on a compact manifold M is given by

(15) Tr(e7'®) = > a(&)t™" + O®).

0<0<t,
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The zeta function of £, is the Mellin transform

I S /
TI' d .
( ) R+

This function equals Tr (£,*) for s > (1/2)dim M.

Let x be an orthogonal representation of 71(M). Using the Hodge de-
composition, the vector space H(M;x) of twisted cohomology classes can
be embedded into Q(M; x) as the space of harmonic forms. This embedding
induces a norm |-|f¥ on the determinant line det H (M; x). The Ray-Singer
norm || - || on detH (M; ) is defined by [60]

(16) ((s|€p) = M [Tre *] =

dimM

_||RS def | RS _d =07/
an NS B T fexp (—2-CGs120)le-0 ,
p=0

where the zeta function ((s|£,) of the Laplacian acting on the space of
p—forms orthogonal to the harmonic forms has been used. For a closed
connected orientable smooth manifold of odd dimension and for Euler
structure n € Eul(M) the Ray-Singer norm of its cohomological torsion
Tan(M;n) = Ton (M) € detH(M; x) is equal to the positive square root of
the absolute value of the monodromy of y along the characteristic class
c(n) € HY(M) [25]: ||7an(M)[|S = |det,c(n)|'/2. In the special case where
the flat bundle x is acyclic (H(M;x) = 0) we have

(18)  [ran (X = detye(n) df[M oxp (- g CCsig ) )| o

For a closed oriented hyperbolic three-manifolds of the form Xt = T'\H?
and for acyclic x the L?—analytic torsion gets the form [30, 17, 18]:
[Tan(X1)]? = R, (0), where R, (s) is the Ruelle function. A Ruelle type
zeta function for R s large can be defined as the product over prime closed
geodesics vy of factors det(I — &(y)e™*!™)), where £(7) is the length of v,
and can be continued meromorphically to the entire complex plane C [22].
The function R, (s) is an alternating product of more complicate factors,
each of which is a Selberg zeta function Zr (s, x). The relation between
the Ruelle and Selberg functions is:

dimM—1

(19) Re(s)= [[ Zro+s00"

p=0

The Ruelle function associated with closed oriented hyperbolic
three-manifold Xp has the form: R, (s) = Zro(s, X)Zr2(2+s,x)/Zr1 (1 +
85 X)-



12 M.C.B. ABDALLA, A.A. BYTSENKO, AND M.E.X. GUIMARAES

3.2. The spectral functions of hyperbolic geometry. We recall some
results on the eta invariant of a self-adjoint elliptic differential operator
acting on a compact manifold. For details we refer the reader to [3, 4,
5] where the eta invariant was introduced in connection with the index
theorem for a manifold with boundary. One can attach the eta invariant
to any operator of Dirac type on a compact Riemannian manifold of odd
dimension. Dirac operators on even dimensional manifolds have symmetric
spectra and, therefore, trivial eta invariants.

To define a spectral invariant which measures the asymmetry of the
spectrum Spec(®D) of an operator ®, one starts with the following formula:
The holomorphic function

20 DY s =T (D (7)),
A€Spec®\{0}

is well defined for all s > 0 and extends to a meromorphic function on C.
Indeed, from the asymptotic behaviour of the heat operator at ¢t = 0 [12],

(21) Tr (@ —t2 ) O(t4/?),

and from the identity

1 2
22 = — T —t07) s /2 gy
@) ™= w0 ,

it follows that n(s, ®) admits a meromorphic extension to the whole s—plane,
with at most simple poles at s = (dim M —k)/(ord D) (k € Z, ) and locally
computable residues. It has been established that point s = 0 is not a pole,
which makes it possible to define the eta invariant of © by 7(0,D). It also
follows directly that n(0, —®) = —1(0,®) and n(0, \D) = 1(0,D), VA > 0.
Because D7 is isomorphic to ®~, we have n(s,0%) = n(s,97) = n(s,D)/2.
An important case of such an operator is the even part of the tangential
signature operator, 98, acting on the even forms of the given manifold. The
eta invariant associated to the operator B is given by na;(0) = 1(0,B), and
is called the eta invariant of M [51, 52].

Let Xt be a compact oriented (4m — 1)—dimensional Riemannian manifold
of constant negative curvature. A remarkable formula relating n(s, ), to
the closed geodesics on X1 has been derived by Millson [49]. More explic-
itly, Millson proved the following result for a Selberg type (Shintani) zeta
function.

Definition 1 (J. J. Millson [49]). Define a zeta function by the following
series which is absolutely convergent for s > 0,

TI"T' = Trr; e—st(v)
t(1 — Py ( ))Il/2 m(y) ’

(23) logZ(s,B) < Z E
€
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where [y] runs over the nontrivial conjugacy classes in the fundamental
group I' = m(Xr), £(7) is the length of the closed geodesic ¢, (with multi-
plicity m(7)) in the free homotopy class corresponding to [y], Pr(7) is the
restriction of the linear Poincaré map P(y) = d®; at (c¢y,¢é,) € T Xt to
the directions normal to the geodesic flow ®; and T$ is parallel translation
around ¢, on A¥ = /=T eigenspace of o(¢,) (0p denoting the princi-
pal symbol of B). Then Z(s,B) admits a meromorphic continuation to the
entire complex plane, which in particular is holomorphic at 0. Moreover,
logZ(0,8) = v/—171(0,B).

In fact Z(s,*B) satisfies the functional equation
(24) Z(5,98)Z(—s,B) = 2™V In(sB)

Millson’s formulae have been extended by Moscovici and Stanton [51] to
Dirac type operators (acting in non-positively curved locally symmetric
manifolds), even with additional coefficients in locally flat bundles.

Let ® denote a generalized Dirac operator associated to a locally ho-
mogeneous Clifford bundle over compact oriented odd dimensional locally
symmetric space X, whose simply connected cover X is a symmetric space
of noncompact type. The fixed point set of the geodesic flow, acting on the
unit sphere bundle 7! Xt is a disjoint union of submanifolds Xr,. These
submanifolds are parametrized by the nontrivial conjugacy classes [y] # 1
in T'. By & (T") we denote the set of those conjugacy classes [y] for which
Xr, has the property that the Euclidean de Rham factor of X., is one-
dimensional. A bundle CXA, over Xw the “central” bundle, is determined
by the eigenvalues of absolute value 1 of the linear Poincaré map P(vy). The
parallel translation around c, gives rise to an orthogonal transformation 7,
of CXV, T X C CX and we let N X denote the orthogonal component
of TXW in CX The tangent bundle T’ X corresponds to the eigenvalue 1
of 7, and NX7 decomposes as [51]

(25) NX,=NX,(-)& > NX
0<o<n

according to the other values —1, exp(++y/—1) (0 < § < 7). The restriction
to Xr "y of the exterior bundle can be pushed down to a vector bundle A
over X which splits into a subbundle Ai corresponding to the elgenvalue
++v/—1 of the symbol ®. Thus we obtaln a Ty—equivariant complex o Jﬁ/
K:/l‘ — K; over TXV and a class [07] € Kz (TX), the 7,—equivariant
K —theory group of TX,Y. The cohomology class can be formed as in [2]

(Section 3), ch(63(7,)) € H* (TXW; C). We now present the main results.
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Theorem 1. (H. Moscovici and R. J. Stanton [51], Theorem 6.3). The
following function can be defined, initially for R(s%) > 0, by the formula

o L(7,9) e=st()
(26) logZ(s,9) = (—1)7 ,
[W]e;l(r) |det(I — Pr(v))|*/2 m(y)

where ¢ = (1/2)dimN)~(A, is a integer and independent of v. The Lefschetz
number L(vy,D) is given by (see, for example, [37] or [51], Eq. (5.5)):
(27)
h(72 (7)) R(N X, (—1 S (NX,(0)3(X -
L) - [ O EDREE D) ocae, S'VEOITED | 2
det(I — 7,|NX,)

The Lefschetz formula (27) has been given using the stable characteristic
classes R, &% and T defined in [2] (Theorem 3.9).

Furthermore logZ(s,®) has a meromorphic continuation to C given by
the identity

D s
28 logZ(s,®) = logdet’ +
28 louz(s,) = lowdet' (5 ) VTma(s, )
where s € /—1Spec’ (D) (Spec(D) — {0}), and Z(s,D) satisfies the func-
tional equation

(29) Z(5,0)Z(—5,D) = 2™V 1n(s0),

Let as before X denote a simply connected cover of Xp, which is a sym-
metric space of noncompact type, and let E denote the pull-back to X
for any vector bundle F over Xp. We restrict ourselves to bundles which
will be considered satisfy a local homogeneity condition. Namely, a vec-
tor bundle E over Xt is G—locally homogeneous, for some Lie group G,
if there is a smooth action Qf G on E which is linear on the fibers and
covers the action of G on X. Standard constructions from linear alge-
bra applied to any G—Ilocally homogeneous F give in a natural way corre-
sponding G—locally homogeneous vector bundles. In particular, all bundles
TXr,Cl(Xr),End E ~ E* ® E are G—locally homogeneous [51]. We shall
require also that all constructions associated with G—locally homogeneous
bundles are G—equivariant. Let ® denote a generalized Dirac operator as-
sociated to a locally homogeneous bundle F over Xr. We shall require
G—equivariance for V the lift of V to F and therefore the corresponding
Dirac operator is then G—invariant.

Suppose now that y : I' — U(F) is an unitary representation of I' on F.
The Hermitian vector bundle F = X x1 I over Xr inherits a flat connection
from the trivial connection on X x F. If ® : C°(X,V) — C*(X,V) is
a differential operator acting on the sections of the vector bundle V', then
D extends canonically to a differential operator ®, : C*(X,V @ F) —
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C>*(X,V ®@F), uniquely characterized by the property that ®, is locally
isomorphic to D®...00 (dim F times). We specialize to the case of locally
homogeneous Dirac operators © : C*°(Xr,E) — C°°(Xr,E) in order to
construct a generalized operator ®,, acting on spinors with coefficients
in x (see for detail [51]). One can repeat the arguments of the previous
discussion to construct a twisted zeta function Z(s,®,). The main results
can be stated as follows.

Theorem 2. (H. Moscovici and J. J. Stanton [51], Section 7). There exists
a zeta function Z(s,D,), meromorphic on C, given for R(s?) > 0 by the
formula

L(v,D) e st

(30) logZ(s,®y) < 3 (_1)qTrx(7)|det(Ifph(vml/z i)

[v]€&r ()

moreover, one has
(31) logZ(0,9y) = vV—1m1(0,D,).

3.3. Cusp forms. A few notes on the result of previous Section are now
in order. This result is based on the use of the Selberg trace formula. In
fact the expanding Tr(De ') as a series of orbital integrals associated to
the conjugacy classes [y] in I has been considered. Each orbital integral,
over a necessary semisimple orbit, can be in turn expressed in terms of
the noncommutative Fourier transform of the odd heat kernel, along the
tempered unitary dual of G, the group of isometries of the symmetric space
X.

The results of [51] on the case of compact locally symmetric spaces
of higher ranks have been extended to the odd dimensional non-compact
spaces with cusps in [55]. More precisely, taking into account the fixed Twa-
sawa decomposition G = K AN, consider a I"'—cuspidal minimal parabolic
subgroup G p of G with the Langlands decomposition Gp = BAN, B being
the centralizer of A in K. Let us consider a family of functions K; over
G = Spin(2k+1,1), which is given by taking the local trace for the integral
kernel exp(—tD?) (or D exp(—tD?)). The Selberg trace formula applied to
the scalar kernel function C; holds [55]:

(32) > > Kilo,v=1x)-

o=0+ )\kEUg:

% JeTr (Sr(ox, =) & St (04, s)mr (04, 5)(K+) ) ds
= In(Ky) + Hr(Ky) + Up(Ky)

where o, := o;f (Jo,, gives the point spectrum of D, Sp(oy,v/—1)) is the
intertwining operator and It (K;), Hr(K;), Ur(K;) are the identity, hy-
perbolic and unipotent orbital integrals. If IC; is given by @e’mz, then
I+ (K¢) = 0 by the Fourier transformation of K;. The analysis of the unipo-

tent orbital integral Ur(K;) gives the following result [9, 55]: All of the



16 M.C.B. ABDALLA, A.A. BYTSENKO, AND M.E.X. GUIMARAES

unipotent terms vanish in the Selberg trace formula applied to the odd ker-
nel function K; given by De~ ™", It means that one can obtain spectral
invariants in the case of cusps similar to invariants of smooth compact odd
dimensional manifolds.

4. CHERN-SIMONS INVARIANT AND THE ANOMALY FORMULA

A gauge Chern-Simons theory is interesting both for its mathematical
novelty and for its applications for certain planar condensed matter phe-
nomena (such as the fractional quantum Hall effect) and for nonabelian
gauge models in field theory. The Chern-Simons functional has been ac-
tively studied in low dimensional topology in connection with Floer homol-
ogy [28], where it was used as a Morse function.

In the case of SU(2)-gauge the formula for the Chern-Simons invariant
for some classes of three-manifolds including the Seifert fibered manifolds
was derived in [39, 41, 6]. The invariants have been obtained by cutting a
three-manifold into pieces for which the invariants can be computed. Such
a method has been applied for the case of SU(n)—Chern-Simons invariants
of Seifert fibered three-manifolds in [54]. Note the relation of the method,
developed in [39, 41, 6, 54], to the prequantum line bundle over the moduli
space of flat connections on a Riemannian surface. For the geometrical
aspect of Jones-Witten theory this point of view is quite natural. In [61]
a quantum invariant for an oriented three-manifold has been defined using
a representation theory of quantum group. It is believed that this invari-
ant coincides with Witten’s invariant. Thus, the Witten’s path integral
approach suggests the asymptotic behavior of quantum invariant, which
includes the Chern-Simons invariant, the eta-invariant, the Ray-Singer tor-
sion, etc. Therefore it is important to have an explicit formula for the
invariant. The goal of this section is to present such a formula for the
U(n)—Chern-Simons invariant of an irreducible flat connection on the real
compact hyperbolic three-manifolds.

The Chern-Simons functional C'S(Xr) as a function on a space of connec-
tions on a trivial principal bundle over a compact oriented three-manifold
Xr is given by

1
82
Let, as in previous Sections, Xr be a compact locally symmetric Rie-
mannian manifold with negative sectional curvature. Its universal covering
X — Xr is a Riemannian symmetric space. The group of orientation pre-
serving isometries G of X is a connected semisimple Lie group of real rank
one and X = G/K, where K is a maximal compact subgroup of G. The

(33) CS(Xr) = / Tr (A ANdA+ §A NAN A) .
Xr

fundamental group of Xt acts by covering transformations on X and gives
rise to a discrete, co-compact subgroup I' C G. If G is a linear connected
finite covering of é, the embedding I' — G lifts to an embedding I' — G.
Let P = Xr ® & be a principal bundle over Xt with the gauge group
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& = U(n) and let Ux,. = Q'(X7;g) be the space of all connections on
P; this space is an affine space of one-forms on Xr with values in the Lie
algebra g of &. The value of the function C'S(Xr) = CS(A) on the space
of connections Ux,., A € Ux,., at a critical point can be regarded as a topo-
logical invariant of a pair (X, x), where x is an orthogonal representation
of the fundamental group T'.

Let Ax, = {A € Ax |Fa = dA+ AN A = 0} be the space of flat
connections on P. An important formula related to the integrand in (33)
is

2
(34) dTr(AAdA+3A/\A/\A>:Tr(FA/\FA).

Eq. (34) gives another approach to the Chern-Simons invariant. Indeed,
let M be an oriented four-manifold with boundary M = Xp. One can
extend P to a trivial &—bundle over M; then Stokes’ theorem gives

) CS(A) = g5 [ T (FanFy).

where A is any extension of A over M. Eq. (35) can be viewed as a
generalization of the Chern-Simons invariant to the case in which P is a non-
trivial U(n)—bundle over Xr. In fact we shall show that the Chern-Simons
functional is well-defined modulo(Z/2) in the case of a U(n)—connection
(see also [46]).

4.1. The U(n)—Chern-Simons invariant. Let E, = X ®y C™ be a flat
vector bundle, and let P be a principal U(n)—bundle over M which is
an extension of P. Suppose that y is any one-dimensional representation
of T factors through a representation of H'(X;Z). It can be shown that
for a unitary representation y : I' — U(n), the corresponding flat vector
bundle E, is topologically trivial (E, = X @ C") if and only if det x|, :
Tor' — U(1) is the trivial representation. Here Tor' is the torsion part
of HY(M;Z) and det x is a one-dimensional representation of ' defined by
det x(v) := det (x(v)), for v € I'. For any representation x : I' — U(n)
one can construct a vector bundle ]EX over a certain four-manifold M with
boundary M = I'\H?® which is an extension of a flat vector bundle E, over
I\H3. Let AX be any extension of a flat connection A, corresponding to
X-

Theorem 3. (M. F. Atiyah, V. K. Patodi and I. M. Singer [3, 4, 5]).
The Dirac index is given by

(36)  Index (DAX) - /M ch(E,)A(M) — %(n(o,z),() +1(0,D,)),

where h(0,D,) is the dimension of the space of harmonic spinors on Xp
(h(0,D,) = dimKer®, = multiplicity of the 0-eigenvalue of ®,, acting on
Xr); ©y is a Dirac operator on Xr acting on spinors with coefficients in
X-
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The Chern-Simons invariant of Xp = ['\H?® can be derived from Eq.
(36). It is given by the main theorem:

Theorem 4. The following formula for the U(n)— Chern-Simons invariant
of an irreducible flat connection on the real hyperbolic three-manifolds holds:

dimy
(37) CSym)(Ay) = 27r\1/jllog {Z(ZO(’OZ’)%X) ] modulo (Z/2).

Proof. For a closed manifold we have

(38) cha(Ey) = —(1/872)Tr (FZX A FXX) ,

where chy (I~E ) is the second Chern character of ]EX, which is expressed in
terms of the first and second Chern classes: cha(Ey) = (1/2)c1(Ey)? —

o (E ). The Chern character and the A—genus, the usual polynomial re-
lated to Riemannian curvature €, are given by

ch(]l:jx) = rankE + a1 (E )+Ch2( v) = dim y + ¢1 (E )+Ch2( \)s
GAQM) = 1- (@),

Here p; (QM) is the first Pontriagin class, QM is the Riemannian curvature
of M. Thus we have

ch(Ey)AQM) = (dlmx+c1( +) + chy(E. )) (1—214pl(QM)>
(40) = dimy + 1 (Ey) + chy(E,) — dimxpl(QM).

24

The integral over the four manifold M takes the form
~ o~ ~ dim
/ ch(Ey)AQY) = / cho(Ey) — 7"/ p1(QM)
M M M
1 dim x
S B\ <F~ Fx ) - QM),
872 /M r\ra A A, 24 /Mpl( )

(41)

and we have

1
Index (D3 ) = = (Fz, A Fx)
dim
(42) - S [ n@) - 3009, + ho.0,).
24 Ju
For a trivial representation xo one can take a trivial flat connection
A= Axm then F~ = 0 and for this choice we get

(43)  Tndex(D; )= 214 pr(QM) — 2(n(o,®)+h(o,©)).
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Using Egs. (42) and (43) one can obtain
. 1
Index (Dgx> — dimyIndex (Dgxo) =32 /M Tr (ng A ng>

(44) — (n(0,Dy) —dim xn(0,D))  modulo(Z/2),

1
2
and

(15) OBy (Ay) = 5 (dimyn(0,D) ~ 7(0,0,))  modulo(Z/2).

Now we are able to use the formulas (29) and (31) for the eta invariant in
Eq. (45) and get the final result (37). O

The classical factor of the complex invariant becomes

(46) ATVTIOSy () (Ax) — [Z(O»Q)d‘m"}

Z(0,D,)
The Witten’s invariant defined by the partition function associated with a
Chern-Simons gauge theory has the form W (k) = f[DA]e\/jlkCS(A), k €
Z. The function W (k) can be evaluated in terms of L*—analytic torsion
and a Selberg type function. The result is [18]:

0 T\ €(0,|D])/2
Wk = (3)

The analytic torsion for manifold X has been calculated (in the presence
of non-vanishing Betti numbers b; = b;(Xr) in [17, 18], and it is given by

(b1 — bo)![Zr 0(2, bo)]? 1
o oy (—?ﬂTVol(F\G)) |

Remark. Going back to the problem of uniformization, we note here the
particular task of classification of manifolds of a given class. A solution of
this task lies in producing of two algorithms. First of them, the numeration
algorithm, must enumerate, possibly with repetitions, the manifolds of a
given class. The second one, the recognition algorithm, applied to any two
given manifolds of the class in question, must tell us whether or not they are
homeomorphic. The joint action of these algorithms leads to the appearance
of an infinite list which contains all manifolds of the given class without
duplication, and therefore the manifolds can be described algorithmically.
Such a solution of the classification problem can be regarded as satisfactory
only up to a first approximation (in a weak sense), usually mathematicians
require more.

In general, hyperbolic manifolds have not been completely classified and
therefore a systematic computation is not yet possible. However it is not
the case for sufficiently large manifolds [33], which give an essential con-
tribution to the torsion (48). There is a class of three-dimensional suf-
ficiently large hyperbolic manifolds which admits arbitrary large value of

2(0,D)* [ran (X)) /2 [Vol(T\G)) (772

(48) [Tan (XF>]2 =
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b1 (M) = rankz H1(M;Z). Sufficiently large manifold contains a surface X
whereas 71 (X) is finite and m(X) C 71 (M). It is known that any three-
manifold can be triangulated, and hence can be partioned into handles.
Since the existence and uniqueness of a decomposition of an orientable
manifold as the sum of simple orientable parts have been established (see
[50, 36]), the question of homeomorphy can be considered only for irre-
ducible manifolds. The method proposed by Haken [33] permits to de-
scribe all normal surfaces of a three-manifold M which has been partioned
on handles previously. The Haken’s theory of normal surfaces was further
verified for the procedure of geometric summation of surfaces. As a result,
the classification theorem says:

Theorem 5. (S. V. Matveev [45], the main theorem,).

o There exists an algorithm for enumerating all of the Haken mani-
folds.

e There exists an algorithm for recognizing homeomorphy of the Haken
manifolds.

4.2. The determinant line bundle. The exponentiated eta invariant
(46) naturally takes values in the determinant line of the boundary. The
differential geometry of determinant line bundles has been developed in [59)
in a special case and in [11, 12] in general. In papers [21, 29] the results on
eta invariant were used to reprove the holonomy formula for determinant
line bundles, known as Witten’s global anomaly formula [72].

We begin with some conventions which apply throughout. As before,
results presented in this Section hold for any Dirac operator on a Spin®
manifold coupled to a vector bundle with connection (manifolds are as-
sumed spin). On a closed odd dimensional manifold M the Dirac operator
D is self-adjoint and has discrete spectrum Spec (D). At s = 0 the eta
function n(s,®) is regular and we set

(49) v = exp (mvV—=1(n(0,D) + dimKer D)) € C.

The eta invariant is discontinuous in general but the general theory shows
that 7 varies smoothly in families (|7ps| = 1). The invariant (49) is defined
and we have 7y € Detgjlw, where Detg)s is the determinant line of the Dirac
operator D on the boundary: Detgas = (Det Ker™D)gn @ (Det Ker D)5,

Let a family of Riemannian manifolds be a smooth fiber bundle: M —
W together with a metric on the relative tangent bundle T'(M /W) which
endowed with spin structure. Following notations of [11, 21] we denote such
a fiber as M/W. Also we assume that the Riemannian metrics on the fibers
are products near boundary. The determinant lines carry the Quillen metric
and a canonical connection V [11] and the exponentiated eta invariant is a
smooth section 7y : W — Detg]\l/[ W We mention here two basic results
on this invariant, namely variation and curvature formulas.

Theorem 6. (X. Dai and D. S. Freed [21], Theorem 1.9). The covariant
derivative of the exponentiated eta invariant is
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/W

(50) VTJV[/W = 27’(’\/—1 [/ ;{(QNI/W)‘| 'TM/W7
M
1)
where is the Riemannian curvature of M — W, and simbol (1)
denotes the one-form piece of the differential form.

QM/W

Note that for a family of closed manifolds this is a result of Atiyah-
Patodi-Singer (see formula (36) of Sec. 3.1). Let the fibers M /W be closed,
and let £ — W be a real vector bundle. Then the determinant line bundle
Detpryw D(E) is well-defined as a smooth line bundle (it carries a canon-
ical metric and connection) [11]. The complex Dirac operator for the odd
dimensional fibers M /W is self-adjoint and there is a geometrical invari-
ant &ypyw (E) @ W — R/Z defined by Atiyah-Patodi-Singer, 2§3/w =
(1(0,D) +dimKer D) 7 /w . We have 7w (E) = exp (2nv/=1&yw): Z —
UccC

Theorem 7. (J. M. Bismut and D. S. Freed [12], Theorem 1.21). The
two-form curvature of the determinant line bundle is

(51) QPetmyw 2(E) - [%\/1 AOQMMYeh (QF)] € Q2(W),
M/W (2)

where QMW and QF are the curvature forms.

Let M — S' be a loop of manifolds in this geometric setup. A metric
and spin structure on M could be induced by a metric and boundary spin
structure on S'. The holonomy of the determinant line bundles around the
loop takes the form

1 . p—
(52) hol Det ©M/5 (E) = a—lim ;' (E),

where a-lim is the adiabatic limit, i.e. the limit as the metric on S' blows up
(e —0: g& — gle™?). For the flat determinant line bundles no adiabatic
limit is required. As we pointed out, Eq. (52) is the global anomaly formula
[71, 11].

4.3. Vanishing theorems for type (0,q) cohomology. Note that it
is difficult to compute a topological invariant {x,z(IE) directly unless the
metric has some special symmetry. In Section 4.1 we derived the Chern-
Simons topological invariant related to real compact hyperbolic spaces (see
also[16, 19]). For a suitable geometry, the semiclassical approximation for
the Chern-Simons partition function leads to a series of C'*°-invariants, as-
sociated with the triplets {M; F; x} [7], where M is a smooth homology
three-sphere, F' a homology class of framings of M, and x an acyclic conju-
gacy class of orthogonal representations of the fundamental group w1 (M).
In addition, the cohomology H(M; Adx) of M with respect to the local
system related to Ad x vanishes.
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In this Section we review vanishing theorems for type (0, ¢) cohomology
of locally symmetric spaces following the lines of paper [70]. If x is acyclic,
i.e. the vector space HI(M;x) of twisted cohomology is zero, then the
Ray-Singer norm (18) is topological invariant: It does not depend on the
choice of metric on M and x, used in the construction.

Vanishing theorems for cohomologies associated with locally symmetric
spaces can also be formulated for a more general case of complex manifold.?
Indeed let the quotient G/K admit a G—invariant complex structure. We
assume that the complexification G© of G is simply-connected. Let g, €, b
denote the complexification of the (real) Lie algebras go, &, bo of G, K, T,
respectively, where a Cartan subgroup 7' of G we choose such that T C K.
Let go = € @ po be a Cartan decomposition of go. Let p denote the
complexification of pg, let A be the set of non-zero roots of (g,5), and A,
(Ak) denote the set of non-compact (compact) roots. Therefore, « € A
is in A, (or Ay) if and only if the corresponding (one-dimensional) root
space go C p (or go C ). If p = p™ @ p~ is a splitting of the complex
tangent space at the origin in G/K into holomorphic and anti-holomorphic
tangent vector pT, p~ respectively, then for a system AT of positive roots
compatible with the complex structure on G/K we have

(53) Pr= Y gia

aceANtNA,

Let us fix a discrete subgroup I' of G such that T' acts freely on G/K
and such that the quotient Xp = I'\G/K is compact locally symmetric
Hermitian domain. For any finite-dimensional irreducible representation 7
of K on a complex vector space, one has associated to 7 a sheaf 6, — Xr
over Xr. Indeed, let E, — G/K be the induced homogeneous C* vector
bundle over G/ K associated to the principal C* fibration K — G — G/K.
As is known, E, has a holomorphic structure and we obtain a presheaf
by assigning to each open set U in Xr the abelian group of I'—invariant
holomorphic sections of E,; on the inverse image Uof UinG /K. Let
H?(Xr;0;) be the g—th cohomology space of Xr with coefficients in 6, (6,
is the sheaf generated by the presheaf).

The main result obtained by Williams in the paper [70] is Theorem 2.3
(in the proof of the Theorem the application of Parthasarathy’s unitariz-
ability criteria for highest weight modules [56] has been used). This result
governing the vanishing of the space H?(X; 6, ) for 7 whose highest weight
A relative to A;: = A, N AT belongs to the set

So={A € h*|A is integral,
(54) (A+68,0)#0 for all a€ A, (A+d,a) >0 for all a € Af}.

2If M is a complex manifold (or smooth manifold (C'°°—manifold), or topological
space) then E — M is the induced complex (or smooth, or continous) vector bundles.
We write HP'4(M;E) ~ H%9(M; AP°M ® E) holonomic vector bundles APOM — M
(see [70] for detail).
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The system of positive roots defined by the regular element A + 6, 6 =
(1/2) > 4en+ @, is also compatible with a G—invariant complex structure
on G/K, (,) denotes the Killing form and the integrality of A means that
2(A, a)/(a, @) is an integer for every « in A.

Starting from a general result, let us give some notations. Let 7 be
the finite-dimensional irreducible representation of K on a complex vector
space V with highest weigh A, relative to A;:. Since A + ¢ is regular, a
system of positive roots is
(55) PWY = f{a e A|(A+6,a) > 0}.

We assume that every non-compact root a in P™) is totally positive; i.e.
a+peP™ =P A, for every B € Ay such that a + 3 € A. There

exists a G— invariant complex structure on G/K such that the space of
holomorphic tangent vectors at the origin is given by Za cp® fa- We shall

write < Q >= Y, o if @ C A. Let P™ = PM) N A and like in [70] let

Qr = {aelf=ATNALA+6,a) >0},
Qr = AP —Qa, 200 =< pW) >
(56) 260 = <P s 26N = < pV

Finally let |S| denote the cardinality of a set S. We are ready to formulate
a general result:

Theorem 8. (F. L. Williams [70], Theorem 2.3). Let A € o as above
and assume that every non-compact root in P™) is totally positive. Suppose
HYT\G/K;0:5) # 0. Then there exists a parabolic subalgebra = u+m
of g containing the Borel subalgebra b 43 . pr) 9o with u = the nilpotent
radical of 6 and m = the reductive part of 0 such that

o If 0,, is the set of non-compact roots in u then
q= 2|9u,n N QA| + |QA| - ‘eu,n|

° (A+6—(5(A),a) =0 for every root @« in m. In particular,
if Ay ={a € QrU—-Qurl(A+05—0™ a) >0}, then |4, <
|eu7n| =

Let us consider some applications of Theorem 2.3. for the classical re-
sults on the vanishing of H4(I'\G/K;60.). We consider the two extreme
cases of A € §og:

(i) (A+6,a) >0 for every in A} (i.e. Ais AT dominant) and
(i) (A+4d,a) <0 for every a in Ajf.

In both cases every noncompact root in P is totally positive (PN = A+
and P®) = AfU—AT in cases (i) and (i) respectively) and therefore The-
orem 2.3. is applicable. Suppose now that the Hermitian symmetric space
G/K is irreducible (i.e. G is a simple Lie group).
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If G is simple and A is AT dominant integral, then HY(T'\G/K;0.x)
vanishes unless ¢ belongs to the set {|0p,,]160 D b+ oA+ 8o} correspond-

ing to G. Let G is simple and A is integral, Ag dominant, and satisfies
(A +4,a) <0 for every « in A}, Then HY(T\G/K;60,5) = 0 unless n — q
belongs to the set {|0u [0 D b+ > ca+ 8o} corresponding to G. Here
n=|A}| = dimcG/K.

We refer the reader to the original paper [70] where more examples of
the vanishing (0, ¢) cohomology of locally symmetric spaces can be found.
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