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Abstract

A pair x, y of vertices in a nontrivial connected graph G is said to geodominate a vertex
v of G if either v € {x,y} or v lies in an x — y geodesic of G. A set S of vertices of G is
a geodominating set if every vertex of G is geodominated by some pair of vertices of 5. A
vertex of G is link-complete if the subgraph induced by its neighborhood is complete. A
pair x, y of vertices in G is said to openly geodominate a vertex v of G if v # x, y and v
is geodominated by x and y. A set S is an open geodominating set of G if for each vertex
v, either (1) v is link-complete and v € S or (2) v is openly geodominated by some pair of
vertices of S. A connected geodominating set is a geodominating set which is connected. The
cardinality of a minimum connected geodominating set in G is its connected geodomination
number g.(G). For a minimum connected geodominating set S of G, a subset T C S is said
to be a forcing set if S is the unique connected geodominating set containing T. The forcing
connected geodomination number f(G, gc(G)) is the minimum size of a forcing connected
geodominating set among the forcing connected geodominating sets of G. We study (open)
connected geodomination number and forcing connected geodomination number in a graph
G.
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1. Introduction

For vertices x and y in a connected graph G, the distance d(x, y) is
the length of a shortest x — y path in G. An x — y path of length d(x, y) is
called an x — y geodesic. A vertex v is said to lie in an x — y geodesic P if
v is an internal vertex of P. The closed interval I[x, y] consists of x, y and
all vertices lying in some x — y geodesic of G, while for S C V(G),

1[S] = U I[x,y].
x,y€S

A set S of vertices is a geodetic set if I[S] = V(G), and the minimum
cardinality of a geodetic set is the geodetic number g(G). A geodetic set of
cardinality g(G) is called a g-set. [1, 2, 3, 4, 5, 6].

Geodetic concepts were studied from the point of view of domination
[2]. Geodetic sets and the geodetic number were referred to as
geodominating sets and geodomination number [2] that we adopt in this
paper.

A pair x,y of vertices in a nontrivial connected graph G is said to
geodominate a vertex v of G if either v € {x, y} or vlies in an x — y geodesic
of G. A set S of vertices of G is a geodominating set if every vertex of
G is geodominated by some pair of vertices of S. A vertex of G is link-
complete if the subgraph induced by its neighborhood is complete. It is
easily seen that any link-complete vertex belongs to any geodominating
set. A pair x,y of vertices in G is said to openly geodominate a vertex v
of Gif v # x,y and v is geodominated by x and y. A set S is an open
geodominating set of G if for each vertex v, either (1) v is link-complete
and v € S or (2) v is openly geodominated by some pair of vertices of
S. For a minimum geodominating set S of G, a subset T C S is said to
be a forcing set of S if S is the unique geodominating set containing T and
denote f(G, S) the minimum cardinality among the forcing sets of S [3].
The forcing geodomination number f(G, g(G)) is the minimum cardinality
of f(G, S) among the geodominating sets S of G. We study this concept
for connected and open connected geodominating sets. The concept of
forcing sets, has been studied, to some extent, perfect matchings in graphs,
under another names, critical sets for Latin squares, and defining sets for
block designs and vertex colouring in graphs [4]. All graphs in this paper
are connected and we denote the cartesian product of two graphs G, H
by G x H and it is the graph with vertex set V(G) x V(H) specified by
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putting (1, v) adjacent to (u',?’) if and only if (1) u = u’ and vv' € E(H),
or (2) v = v’ and uu’ € E(G). This graph has |V (G)| copies of H as rows
and |V (H)| copies of G as columns.

2. Connected geodomination and its forcing

A connected geodominating set in a graph G is a geodominating set
S which the subgraph G[S] induced by S is connected. The connected
geodomination number g.(G) of a graph G is the minimum cardinality of
a connected geodominating set among the connected geodominating sets
of G and we refer a gc-set to a connected geodominating set of size g.(G).
For a minimum connected geodominating set S of G, a subset T C S is
said to be a forcing set of S if S is the unique connected geodominating
set containing T and denote f(G, S) the minimum cardinality among the
forcing sets of S. The forcing connected geodomination number f(G, g.(G)) is
the minimum cardinality of f(G, S) among the connected geodominating
sets S of G.

Proposition 1. If G is a complete graph or a tree with n vertices, then g.(G) = n
and (G, g:(G)) = 0.

Proof. Since any link-complete vertex belongs to any geodominating set,
the only connected geodominating set is V(G). O

By above Proposition g.(P,;) = n and f(Py, gc(Py)) = 0.

Theorem 2. For two positive integers a, b with a < b there exists a graph G
such that |V(G)| =band g.(G) = a.

Proof. Let P, be the Path with a vertices, so g.(P;) = a. Letm = b —a.
We add m ear in the form ay, v;, a4 fori =1,2,...,m to obtain the graph G
with |[V(G)| =band g.(G) = a. O

n

By the following ¢.(Cy,) = { 5

|+

Proposition 3. (1) ¢.(Coyy) =n+1, f(Cap, gc(Cay)) = 3.
@) 8c(Cons1) =n+2, f(Cons1,8c(Cony1)) = 4
Proof. It is clear that g.(Cp;,) > n+1, gc(Cay+1) > n + 2. On the other

hand consider {vy,...,v,41} for Cy, and {v1,...,0,42} for Copp1. Also
it is easily seen that no m < 2 vertices are a defining set for a connected
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geodominating set. Now consider {v1, v, ;41 } for Co, and {v1, 02, vy42 }
for C2n+l . O

Theorem 4. For each two positive integer a, b with a < g — 1 there exists a
graph G with g.(G) = b, f(G, g.(0)) = a.

Proof. Consider the path P, and add an ear v, w1, v4 to obtain a graph G;
with g.(G1) = b, f(G1,8:(G1)) = 1. Now we add the ear vg, wy, v5 and
obtain the graph G, with g.(G2) = b and f(Gz,8:(G2)) = 2. Continuing
this method completes the proof. O

For two vertices x and y of a graph G, the distance between x and y
is denoted by d(x, y).

Lemma 5. Let Sbea gc-setand a,b € S, then |S| > 1+d(a,b).
Proof. S is connected, so the inequality is obvious. g

For a vertex v of a graph G, the eccentricity e(v) is the distance
between v and a vertex farthest from v. The maximum eccentricity is its
diameter, diam(G). Now we have the following:

Theorem 6. ¢.(G) > 1+ diam(G).

Proof. Let S be a g.(G)-set. First notice that for any two vertices a,b in
S, there is a Path in 5 whose end vertices are a and b. Let x, y be two
vertices of G with d(x,y) = diam(G) and P be a geodesic with vertices
X,a2,a3,...,4,-1,y. If {x,y} C S, then by Lemma 5, |S| > 1 + diam(G).
Otherwise there are the following cases:

Casel. x ¢ S,y € S. The vertex x lies on a u — v geodesic L with u,vin S
and clearly {u,v} ¢ P.

(a) If v € P, then the number of vertices in the path of S from u to
v is greater than the number of vertices in P from x to v. Also
using Lemma 5 for v and y implies that |S| > 1 + diam(G).

(b) f v ¢ Pand u ¢ P, let Q be a path in S between y and v
and u ¢ Q. Then the number of vertices of Q is greater than or
equal to the number of vertices in P from a(,, ;)41 to y, because
otherwise we move on Q from y to v and continue on L from v
to x to obtain a x — y path with length less than d(x, i), which
is a contradiction. Also the number of vertices in the path of
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S between u and v is greater than or equal to the number of
vertices of P from x to ay(,, ). So [S| > 1+ diam(G).

Case2. x ¢ S,y ¢ S, the vertex x lies on a u — v geodesic L with u, vin S
and the vertex y lies on a u’ — v’ geodesic L’ with u/,v" in S.

(@) If {u,v,u/,v'} NP = (), let Q be a path in S between v and 1’
with {u,v'} N Q = . Since

d(x,y) < d(x,0) +d(v,u')+du',y)
< d(u,v) +d(v,u') +dW, "),

we have |S| > 1+ diam(G).

(b) If v € P, then the number of vertices in the path of S from u to
v is greater than the number of vertices of P from x to v. Now
use the Case 1 of proof. Hence |S| > 1 + diam(G). O

Theorem 7. If G is a connected and g(G) = 2, then g.(G) = 1+ diam(G).

Proof. By [6] any g-set contains two antipodal vertices, so by considering
a g¢-set {a,b} and any vertex in a a — b geodesic we have ¢.(G) < 1+
diam(G) < g:(G). O

Corollary 8. gc(Py X Py) =m~+n, f(Py X Py, gc(Pm X Py)) = 3.

Proof. By Theorem 7 the first equality will be proved. It is easily seen that
each row and each column of P, x P, intersect any minimum connected
geodominating set. Also for two vertices (v;, u;) and (g, u;) with i #k,
j # 1, there are more than one geodesic between them, so f(Py X Py,
2c(Py X Py)) > 3. On the other hand F = {(v1,u1), (v1, tn), (Um, tin)}
is a forcing set, so the proof is complete. O

By Theorem 7 and Corollary 8 the bound g.(G) > 1+ diam(G) is
sharp. Moreover if we add k > 3 pendant edges (v1, u1)w1, (v1,u1)wy, ...,
(v1,uq)wg to Py X Py, we obtain a graph G with g.(G) > 1+ diam(G).
Similarly we have g.(Ky; x Ky,) = m+n.

n

Proposition 9. g.(Py x Cy) = m + {2

—‘/f((Pm X Cn)rgc(Pm X Cn)) =2

Proof. Let S be a connected geodominating set for G = P, x Cy,. Itis clear
that the first and the nth column of G intersect S. Since S is connected,
then each column of G intersects S. Also each column of G is a copy



182 D. A.MOJDEH AND N.J. RAD

of C,;, so at most n — (FS-‘ + 1) row of G may not intersect S. Hence
n n
|IS| >m+n— <n— ([2-‘ +1)) —1l=m+ {;‘.Ontheotherhand

S= {(7)1,1/[1), (Ulru2)/ ey (vl/un); (02/ ”n)/ ey (U"%W+1/ u}’l)}

is a connected geodominating set. For the second equality it is clear that
G has more than one g.-set and also no vertex of G is a forcing set for a
gc-set, 50 f((Pm X Cp), gc(Pm x Cy)) > 2. Moreover it is easily seen that
{(01,u1),(v[»2,zw+1,un)} is a forcing set for S. O

Similarly we have g¢(Py x Ky,) = m + n.

The concept that how geodomination numbers are affected by adding
a vertex is studied in [5]. We now study this concept for connected
geodomination.

Proposition 10. Let G’ be a graph obtained from G by adding a pendant edge
uv whichu € Gand v ¢ G, then g.(G') > 1+ g.(G).

Proof. The vertex v belongs to each g.(G')-set, so the inequality is
obvious. O

The above bound is sharp. For example let G’ obtained from K, by
adding a pendant edge uv which u € K, and v ¢ K, then g.(G') =
1+ gc(Ky). Also the bound can be strict by the following graph:

Consider the graph Cy,, with vertex set {v1,vs, ..., vz, } and add three
pendant edges viu1,vpuy and V(ng1)Ui3 to obtain a graph G. Now if G’
obtained from G by adding a pendant edge v;u withn 4+ 2 < i < 2n and
u ¢ G, then g.(G') > 1+ gc(G).

Theorem 11. Let G’ be a graph obtained from G by adding an edge uv such that
v ¢ G and u belongs to a g.-set, then

gC(G/) =1+4:(G), f(G’,gC(G/)) = f(G,8:(G)) -

Proof. 1t is clear that ¢.(G') < 1+ gc(G). If g.(G') < ¢:(G) and S is a
¢c(G')-set, thenv € S. Now S — {v} is a g.(G)-set, a contradiction. O

The following proposition is easily proved:

Proposition 12. (1) gc(Kz,») =3, f(Kpn,§c(Kpn)) = 1.
) gC(Km,H) = f(Km,n/gc(Km,n)) =4, mn > 3.
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Proof. In the complete bipartite graphs any two vertices of a partite set
geodominate all vertices of the other partite set. So g.(Kp,) > 3 and
Qc(Kmn) > 4, m,n > 3. On the other hand consider two vertices from
each partite set of Ky, with m.n > 3 and consider the two vertices
from one partite set of K; , and a vertex from another partite set. Hence
gc(Ky ) = 3 and gc(Kin,n) = 4, m.n > 3. Now let X, Y be the partite sets
of Ky , with | X| = 2, the any 1-subset F of Y is a forcing set for connected
geodominating set F U X, so f(Ky,, gc(Ka,)) = 1. For Ky, with m.n > 3
it is easily seen that no [ < 3 vertices can uniquely determine a connected
geodominating set, so the proof is completed. O

Proposition 13. Let G be a graph with no link-complete vertices, then
8c(G) = 3.

Proof. Let Sbea g.-setand w € G\ S, then w lies on a x — y geodesic with
d(x,y) > 2. But S is connected, so |S| > 3. O

Note that the above bound is sharp. For example consider Cy4. Also
for C,, with n > 4 the bound is strict.

Uniform and essential geodominating sets are introduced in [1]. A
set S of vertices in a connected graph G is uniform if the distance between
every two vertices of S is the same fixed number. A geodominating set S
is essential if for every two vertices 1, v in S, there exists a vertex w # u, v
of G that lies in a u — v geodesic but in no x — y geodesic for x,y € S and
{x,y} # {u,v}. Here we have:

Theorem 14. (1) There is no essential connected geodominating set in a graph G.
(2) If a graph G has a uniform connected geodominating set, then G is a complete
graph.

Proof. (1) Consider two adjacent vertices u and v in a connected

geodominating set S in a graph G, then there is no vertex w # u,v of
G that lies in a u — v geodesic, so S is not essential.

(2) Let G be a graph with a uniform connected geodominating set S. Since
S is connected, G[S] is a complete subgraph of G. Also any vertex of S is
link-complete, hence G[S] = G.

3. Open connected geodomination and its forcing

An open connected geodominating set in a graph G, is a connected
geodominating set S such that each vertex of G is openly geodominated by
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some pair of vertices of S. The open connected geodomination number Og.(G)
is the size of a smallest open connected geodominating set and we refer an
Ogc-set to an open connected geodominating set of size Og.(G). It is clear
that Ogc(G) > g(G).

Proposition 15.  If G is a complete graph or a tree with n vertices, then
0%:(G) =nand f(G,0g.(G)) = 0.

By above proposition the inequality Og.(G) > g.(G) is sharp. Also
the inequality can be strict by the following:

Proposition 16. (1) Og.(Ca,) = n+2, f(Cap, 0gc(Cay)) = 2.
(2) 08c(Cony1) =n+3, f(Cang1,08c(Cony1)) = 2.

Proof. We have Og.(Ca;,) > gc(Can) = n+ 1. If S is an open connected
geodominating set and |S| = n + 1, then we can suppose that S =
{v1,v2,...,0y41}. But the vertex v, is not lie on some x — y geodesic
with x,y € S, a contradiction. Hence Og.(Cy,) > n+ 2. On the other
hand {v1,vy, ..., 0,42} is an open connected geodominating set of G. Also
it is easily seen that f(Cy,, O3:(C2,)) > 2 and by {v1,v,4+2} we have
f(Can,08c(Capn)) = 2. The other equalities are similarly verified. O

Let W, = C;; + K; which K is adjacent to each vertex of C,. Similar
to [6] and Proposition 12 we have the following:

(1) O8c(Wn) = 8c(Wn) = Og(Wu) =n,
fWi, 8c(Wn)) = f(Wu, O8c(Wn)) =0,
(2) OgC(KZ,I’l) = 4/ f(KZ,nr OgC(KZ,n)) = 2/
(3) Ogc(Kimn) = f(Kinn, Ogc(Kinn)) =4, man > 3.
Also notice that for the graphs in the proof of Theorems 2 and 4, we

have ¢.(G) = 0g:(G) and f(G, £:(G)) = f(G, 0g:(G)). So the following
holds:

Corollary 17. (1) For two positive integers a, b with a < b there exists a graph
G such that |V (G)| = band Og.(G) = a.

(2) For two positive integer a, b with a < g — 1 there exists a graph G with
08c(G) = b, f(G, 0gc(G)) = a.

Proposition 18.  If any gc-set of G is a Path, then g.(G) < 0g.(G) <
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Proof. The first inequality is clear. Let S be a gc-set and v;, v; are the two
end vertices of S. If v;, v; are link-complete, then S in an open connected
geodominating set. Otherwise suppose that v; is not link-complete, then
v; lies on a x — y geodesic which [{x,y} NS| > 1. If x ¢ S, we
add x to S. Similarly we act for v;. Hence we obtain an open connected
geodominating set S’ with |S'| <2+ g.(G). O

The above bounds are sharp. For this order see Og.(K,) and the
following:
Proposition 19. Og.(Py, X P,) = m+n+ 2.

Proof. First Ogc(Py X Py) > c(Pm X Py) = m+n. If S is a connected
open geodominating set and |S| = m + n, then it is easily seen that each
row and each column of P, x P, intersect S, so S is a Path with m +n
vertices. Now the two end vertices of S can not be openly geodominated
by some pair of vertices of S, so Ogc(Py X Py) > m + n + 2. On the other
hand consider the following open connected geodominating set

{(v1,u2), (v1,u1), (v2,u1), ..., (Om,u1), (Om, uz2),...,

(Umﬂ/ln)/ (Umflluﬂ)}' U
n
2

Proof. Any gc-set S of G = P, x C, is a Path. So the first and the
last vertices can not be openly geodominated by the vertices of S, hence

|S| > m+ le—‘ + 2. On the other hand

Proposition 20. Og.(Py, x Cy) = m + [ w +2.

{(02,11), (v1,u1), (01,u2), ..., (v1,un), (v2,n), ...,
(V(r8141) 4n), (02141, Un-1)}
is an open connected geodominating set. O
By a same detail of proof of Propositions 19 and 20 we have Og.(Py,; x
Ky) =m+n+2and Og.(Ky x Ky) =m+n+1.

Theorem 21. Let G be a graph with no link-complete vertices, then
08e(G)] = 4.

Proof. Let S be an Ogc-set and w € S, then w is openly geodominated
by x,y € S. Also x is openly geodominated by two vertices of S, hence
|S| > 4. O
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Note that the above bound is sharp. Moreover for any positive integer

n > 4, let G be a graph obtained from C4 by adding ears vy, w;, v3 for each
i=0,1,...,n—4,then |V(G)| =n,0g.(G) = 4.

References

(1]

(2]

(3]

[4]

[5]

(6]

G. Chartrand, F. Harary and P. Zhang, Geodetic sets in graphs,
Discussiones Mathematicae Graph Theory, Vol. 20 (2000), pp. 129-138.

G. Chartrand, F. Harary, H. C. Swart and P. Zhang, Geodomination
in graphs, Bull. ICA, Vol. 31 (2001), pp. 51-59.

G. Chartrand and P. Zhang, The forcing geodetic number of a graph,
Discuss. Math. Graph Theory, Vol. 19 (1999), pp. 45-58.

D. Donovan, E. S. Mahmoodian, C. Ramsay and A. P. Street, Defining
sets in combinatorics: a survey in surveys in combinatorics, Lecture
Notes in Mathematics, Wensley (eds.), Cambridge University Press,
pp- 113-174, 2003.

R. Muntean and P. Zhang, k-geodomination in Graphs, ARS
Combinatorica, Vol. 63 (2002), pp. 33-47.

R. Muntean and P. Zhang, On geodomination in graphs, Congressus
Numerantium, Vol. 143 (2000), pp. 161-174.

Received September, 2005



