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Abstract

Primitive words play a very important role in formal language theory for their elemen-
tary combinatorial properties. Analogous to primitive words, we consider prefix n-primitive
words. Prefix n-primitivities are applied to check whether a neural network converges for a
set of data. In this note we continue our previous work to characterize any two distinct words

u, v, where u is a p-primitive word, such that the catenation uv is prefix n-primitive, where
i>3.
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1. Introduction

One of the most interesting and important features of codes and
molecular biology is a variety of repetitive structures. Various numbers
of copies of repetitive structures in biological strings may cause different
human genetic diseases. For example, Fragile X syndrome, Huntington’s
diseases and Kennedy’s diseases, are caused by increasing numbers of
tandom DNA repeats of a string three bases long. Other long consecu-
tive repetitive strings are very common and distributed in the genomes
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of mammals. However, the functions of these repeats are now still less
well understood ([1]). Primitivity provides an important tool to analyze
the properties of words. One of the fundamental problems in the theory
of languages is to determine whether the beginning of a word is a power
of one common word. Hence the investigation of fundamental properties
concerning prefix n-primitivity is indispensable.

There are many papers discussing the languages related to word
power. For example, the general properties of prefix primitive words
and related languages are investigated in ([2]); completely p(n)-reducible
languages and n-annihilators of languages are studied in ([6]); left-
noncounting languages and power-separating languages are investigated
in ([8]). In this note we continue our previous works to characterize any
two distinct words u and v such that the catenation uv' is prefix n-primitive
whenever u is p-primitive, where i > 3.

Let X be an alphabet which contains more than one letter. Let X* be
the free monoid generated by X and Xt = X*\ {1} where 1 is the empty
word. For a word u € X*, let Ig(u) denote the length of u. For u,v € X,
u is called a power of v if u = v" for some integer n > 1. A nonempty
word u is called primitive if u is not a power of any other word. It is known
that every word u € X7 is a power of a unique primitive word ([4]). If
u = xy, x,y € X*, then x is called a prefix of u (denoted by x <, u) and
y is called a suffix of u (denoted by y <s u). If x # u and y # u, then x
is said to be a proper prefix of u (denoted by x <, u) and y is said to be
a proper suffix of u (denoted by y <s u). A word w has a prefix n-power if
w € u"X* for some u € XT. Forw € X%, let N(w) denote the maximal
number #n such that w has a prefix n-power. For any n > 1, we define
Py(X) as Py(X) = {w € X |N(w) = n}. From the definition, it is clear
that P;(X) N Pj(X) = () for every i # jand X* = U;>1P(X). Every word
w in Py (X) is called prefix primitive (shortly, p-primitive), i.e., w ¢ u?>X* for
any u € Xt A language in this form uvtw for some u, v, w € X* is called
a regular component ([7]). For all n > 2, every word w in P, (X) is called
prefix n-primitive.

Let X = {a,b}. Then ab" is a p-primitive word over X for any n > 1;
a"b is a prefix n-primitive word over X for any n > 2. The characteriza-
tions of words in uv™ being p-primitive for the case lg(u) < lg(v) and
lg(u) > lg(v) have been investigated by Huang and Zhao in ([3]), and
Zhao in ([10]), respectively; the word uv? being prefix n-primitive also
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have been investigated by Zhao in ([11]). In this paper we investigate that
for any two distinct words u and v, where u € P;(X), whether or not uv’
is prefix n-primitive for any n > 3, where i > 3.

The following three lemmata concerning the basic properties of the
catenation and decompositions of words will be needed in the sequel.

Lemma 1.1 ([4]). Ifuv = vu, u,v € X, then u and v are powers of a common
word.

Lemma1.2 ([4]). [fuv = vz, u,v,z € X*andu # 1, thenu = xy, v = (xy)kx,
z = yx for some x,y € X* and k > 0.

Lemma 1.3. If xyz <p wand zxy = yzx, x,y € X,z € X*, thenw ¢ Py (X).

Proof. If z = 1, then xy = yx. Thus x and y are powers of a common word,
say p. This implies that p> <, w, i.e, w ¢ P;(X). Now, if z # 1, that is,
zxy = yzx and z € X, then y and zx are powers of a common word, say
p. There exist i, j > 1 such that y = p’, z = pFip; and x = pop*2, where
ki +k +1 = jand p = pipo. This implies that xyz = pypf2piphip; =
(pap1)f2 iR+l Therefore, (pap1)* <p w, ie., w ¢ Pi(X). O

2. Main results

It is known that for any non-empty words u and v, uv being a
p-primitive word doesn’t imply that uv™ is p-primitive. Let u,v be two
distinct words, where u,uv € Pj(X). Although uv" may be a prefix
n-primitive word, but uv* must not be a prefix n-primitive word for all
n > k+1,wherek > 3.

Proposition 2.1. Let u, v be two distinct words, where u,uv € P;(X). Then
uvk ¢ P, (X) foralln >k + 1, where k > 3.

Proof. Let uv® € P,(X), where u,uv € Py(X),v € XT,k > 3and n >
k + 1. Then uv* = x™y, for some x € X* and y € X*.

Case 1: 1g(u) = lg(x). Then u? <, uv, a contradiction.
< lg(x

Case 2: 1g(u) ). Then there exists u; € X' such that x = uu
and o = (uwu)" luyy. If Ig(uo) > 1g((uug)?), then (uuy)? <p uo,
a contradiction. Therefore, 1g(uju) < lg(v) < lg(ujuuq). There ex-
ist up,u3 € X1 such that uy = uouz, v = uquuy = uouzuuy and

oF1 = usuupuz(uuy)"3y. This implies that upuzu = uzuus. So up and
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usu are powers of a common word, say p = p1p. Thus there exist i, j > 1
such thatuy = p', u3 = p¥ipy and u = pap*2, where ky +ky + 1 = j. Hence
(p2p1)? <p uv, a contradiction.

Case 3: 1g(x) < 1g(u) < lg(x?). Then there exist u1,uy € X* such that u =
uruouy and oF = (upuq)"2upy. Thus (uqup)? <p uv, a contradiction. [J

Now, we don’t set a limit to uv be a prefix primitive word, to char-
acterize that whether or not uv' is prefix n-primitive for any n > 3 and
i>3.

Proposition 2.2. Let u,v be two distinct words, where u € Py(X) and uv* ¢
P3(X). Ifuv® € P3(X), then one of the following three statements holds:

(1) v = xqu where x; € X,

(2) u = x1x2x3%4 (X1 X2%x3)? X471 and v = x3x4x1 X for some
X1, %2, %3,%4 € X with xox3 = x3x4, or

(B) u = x1x2x2x3x1Xp and v = XpX3X] = X4X5 for some x1, X2, X3, X4, X5 €
Xt with x3x1X2X3X] = XpX3Xs5.

Proof. Let uv® € P3(X), where u € Py(X) and v € X*. Then uv® = x3y,

for some x € X and y € X*. Suppose y = 1, ie, uv® = x3. Then

Ig(v) <lg(x).

Case 1: 1g(u) < lg(x). Thenlg(x) < lg(uv). There exist uy, up, us, g € X+
such that x = uuy and v = ujuy = uzuy. This implies that x = ugusuy =
upuz and 1g(up) = 21g(us). We have up = u? and lg(uz) > lg(uy). Since
x = uuy = upug, then uy <y, u. Therefore, uﬁ <p U, a contradiction.

Case 2: 1g(u) = lg(x). Then u = x. There exist uj, up € X' such that
v = uquy, x = vy = upv and 1g(uq) = 1g(uy). Since u; <g x and uy <s x,

U1 = up. Thusu = u%, a contradiction.

Case 3: lg(x) < lIg(u) < lg(x?). There exist uj,up € X* such that
2 <p o,
a contradiction. If 1g(v) < 1g(uz), then there exist us, ug € X such that

X = ujuy, u = ugupuy. If lg(v) = lg(uy), then x = v2. Thus v

v = uguy and upy = vuz. Thus x = uquy = UpvUz = UU3U4LUZ = UgU3LU4.
This implies that uju3 = wuy. Therefore, u = wjupu; = uvusu; =
uiuzuguzuy = (ujus)?uzu, a contradiction. If 1g(v) > lg(uy), then there
exist uz,uy € X such that v = uzuy and up = u3. Thus x = ujup =
uu3 = ugv® = (uguz)?uy, a contradiction.
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Let uv® = x3y, where y € XT. Since Ig(v) > lg(y), there exists
up € X such that v = uyy.

Case 1: 1g(u) = lg(v). Then Ig(u) < lg(x) and 1g(uv) < lg(x?). There
exists up € X such that x = uuy. If Ig(uy) < lg(uy), then 1g(u) < 1g(v),
a contradiction. Therefore, there exist uz, uy € X' such that u; = uzu, =
upuy. Thus ugy <p x and ugy <, u. There exists us € X7 such that u =
ugyus and x = ugyusuy. This implies that usup <, v. Since v = uzuyy,
then Ig(uy) = 1g(us). Therefore, up = us. Since usuy <p v, there exists
ug € X such that v = upugug = usugy and x = ugusuy. This follows
that upug = usy. We get x = ugyupuy = upuiglipiiy = guzy. So lg(uz) =
21g(up), uz = u% and ug = upy. Hence u = ugyuy = usuguy = u%yuz, a
contradiction.

Case 2: 1g(u) < 1g(v). Then lg(u) < lg(x) and Ig(uv) < lg(x?). Thus there
exists up € X™ such that x = uus,.

(2.1) 1g(uq) = 1g(uz). Then u; = u, and there exists uz € X such that
v = usu. If1g(uy) = 1g(us), then up = uz. Thusu = yand v =
u1y = uju. The assertion with statement (1) holds, where x; = u;.
If Ig(up) < lg(uz), then there exists uy € X such that uz = ugus.
Thus u = yuy. This implies that v = upy = usu = uguryus = uguou.
The assertion with statement (1) holds, where x; = ugu,. If 1g(uy) >
lg(u3), then there exists uy € X such that u, = uguz. Thus y = uuy.
This implies that v = upy = uguzuuy = usu, a contradiction.

(2.2) 1g(uy) < 1g(up). Since u; <s x and up <s x, then there exist
usz, ug € Xt such that up = usuq and v = uguus. Thus uy <g x. If
lg(uy) = lg(ua), then up = uy. Thus v = upu = uguus = uyuus,
a contradiction. If 1g(uy) < lg(uyg), then there exist us,ug € X+
such that uy = usuy, v = usug and u = ugus. Thus v = usrug =
uguus = Upgisig, a contradiction. If 1g(uy) > 1g(uy), then there ex-
ists us € X' such that uy = usuy. Thus v = upuus = ususuus =
uguusz. This implies that 1g(uz) = 2Ig(us) and us < wusz. Since
uy = usuy = usuy, then us <, uz. So we can get uz = usus. This
implies that uy = usuy and uy = ususu;. Since v = upuus = uguus,
then ususuquus = usujuusus. Thus usuiu = ujuus. Hence v =
Ususu s = usususuiu. The assertion with statement (1) holds,
where X1 = UsUsU5UT.
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lg(uq) > 1g(uy). There exist uz, ug, us, ug € X+ such that uy = upus,
U = Uglly, U = Uslg and X = UgliglUy.

(2.3.1) 1g(uy) = 1g(us). Then uy = us. Thus v = upugily = Usug =
Uoug, a contradiction.

(2.3.2) 1g(up) > lg(us). Then there exists uy € X' such that u, =
uzus. Thus v = usugugy = Uyusuggity = Uslg, a contradic-
tion.

(2.3.3) 1g(uy) < lg(us). Then there exists u; € Xt such that us =
uyuy. If 1g(uy) = lg(ua), then uy = uy. Thus v = upue =
usig = uUylpilg, a contradiction. If 1g(uy) > 1g(uy), then
there exist ug, ug € X+ such that uy = uguy and ug = ugug.
Thus v = upug = usug = uyusgug, a contradiction. If
lg(uy) < lg(ug), then there exists ug € X" such that uy =
uguy. Thus v = upugug = usug = uyusug. This implies that
lg(ug) = lg(uy). Since v = w1y = upuzy = upueug and
lg(us) = 1g(us), then ugug = uzy and 1g(ugug) = lg(uzy) =
1g(usy) = 1g(usuzy). Thus Ig(ue) = Ig(uzy) = lg(usy).
Since ug <s v and y <g v, there exists ug € X" such that
ug = gy where lg(u9) = Ig(ug). Then we can get u = uguy =
ugyuguy and v = upugyug = uyupigy. Thus 1g(usug) =
lg(uyuy). This implies that uyug = uyu,. Since lg(u) < 1g(v),
then lg(up) > lg(uy). Thus there exists u;g € X' such
that up = uyuqg. This implies that uyuqigug = uyuyuqg and
0 = UpUgYUg = UyUigUgYUg = U7UU9Y = U7U7UIQU9Y. So
yug = ugy. Hence u = ugyuguy = u%yu% a contradiction.

Case 3: 1g(u) > 1g(v).

(3.1)

(3.2)

lg(u) = lg(x). Then there exist up,u3 € X' such that u = vu,
and v = upuz. Thus upusuy; = uguy. This implies that lg(ug) =
lg(uz). Since uy <p v, uy <p v, U1 <s x and up <s x, then we can get
U1 = upup. So upuz = usuy. Therefore, u = vuy = upuzuy = U%u3, a
contradiction.

lg(u) < lg(x). Then there exist up, u3 € X" such that x = uu; and
v = upuz. Thus usupuzu; = x* = uupuuy. Since lg(uzuzuy) =
lg(uupu) > 1g(upugupususz), so lg(uq) > 3lg(uy). There exists

ug € X' such that u; = wupugup; where lg(uy) > lg(uz). Thus

2

U = UpUgUY and Uz = ugury. Since UzUpUuzl] — X~ = UUUUy,
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(3.3)

then (uguoyup)?uguy = wuupuuy. Thus lg(uguoyus) < lg(u).
So there exists us € X' such that uy = ususug and x =
UgUpYupUsiy = Uglpyusuaup where 1g(us) = lg(ug). This implies
that usupuguoyusus = ugupyupususug. Thus us = ug. Therefore,
(usup)? <p u, a contradiction.

lg(u) > lg(x). Then there exist up, u3 € X' such that u = uyuszu;
2 2

and x = upuz. Thus uru“u; = x°= = ususirus.

(3.3.1) 1g(up) = 1g(uq). Then x = upv = vuy = upuz. Thus v = ug
and uou3 = uzuq. So there exist wy,w, € X and n > 0 such
that uy = wiwy, uz = (wyw;y)"wq and 1y = wywq. Therefore,
(wiw;)? <p U, a contradiction.

(3.3.2) 1g(up) < lg(uq). Then there exist uy, us € X' such that uz =
vug and v = ugus. Thus x = uruz = urvuy = usuq. This
implies that upugusuy = usug and Ig(upuguy) = lg(uy ). Since
lg(u1) > 1g(uq), then there exists ug € X such that u; =
ugug. Thus upuiyus = usup and 1g(upyuy) = 1g(us). Since
lg(uz) > Ig(us), up <p x and us <p x, then there exists u; €
X7 such that us = upuy. Thus upugusuzus = usuzuguy and
UglpUy = UyUg. This implies that lg(U4M2) = lg(ué). Since
ugupyuy = uguay, thuslg(uy) = 1g(usy). We can get uy = uyy.
Therefore, u = ususuy = UpUgUsliglly = UpUglpUsliglly =
(up14)?yuqus, a contradiction.

(3.3.3) 1g(uz) > lg(uy). Then there exist ug,us € XT such that
x = upuy and v = wuyus. Since x = upus, then uy = us.
Thus we can get x = usugusuy = usuzusu; = ugls. SO
lg(ususuy) = lg(uy). If 1g(uq) = 1g(u3), then uy = usz. Thus
uy = ususus. Therefore, (usus)? <p u, a contradiction.
If Ig(u1) > lg(us), then there exists ug € X' such that
u; = usug. Thus x = upus = (usu3)?ue. Therefore,
(usuz)? <p u, a contradiction. If Ig(u1) < lg(us), then there
exist ug, uy; € X' such that u3 = uqug = uyuy. Thus x =
UpUz = UsUzUsU] = UsU UgUSUT = UUTUT. So UsUqiUgls =
upuy. If 1g(us) = 1g(uy), then us = uy and up = usuqug =
uzuzuy. Thus (u7)? <p u, a contradiction. If 1g(us) > lg(u7),
then there exists ug € XT such that us = wuguy. Thus
Uy = UsUqUgly = uglyuiugug and v = ujuguguy. There-
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fore, u = upuzuy = uguyuqUgugyUUgliyuiUgug. The asser-
tion with statement (2) holds, where x1 = ug, xo» = uy,
x3 = uj and x4 = ug. If 1g(us) < 1g(uy), then there ex-
ist ug,u9 € X' such that u3 = ugug and uy = ugus. Thus
Uy = UsUg and Uz = UgUg — UjUg — UTUT. So UgUsUgUgUs —
UzU UgU5 = UGU9Y. Therefore, U = UpU3zUp — UsUgUgU9U5Ug
and v = uzus = uyuiis = UjlUglis = UglglUs. The assertion
with statement (3) holds, where x; = us, xp = ug, x3 = ug,
X4 = up and x5 = y = ugls. O

Proposition 2.3. Let u,v be two distinct words, where u € Py(X), uv'~! ¢
Py(X),i>n>3andi > 4. Then uv' ¢ P,(X).

Proof. Let uv' € Py(X), whereu € P|(X),v € X¥,i>n >3andi > 4.
Then uv’ = x"y, for some x € X* and y € X*. Since uv'~! ¢ P,(X), then
there exists 1y € X+ such that v = uyy.

Case 1: 1g(u) = Ig(x). Then (u1y)~! = x"luy and Ig(u1y) < lg(x) <
lg((u1y)?). Thus one of the following three subcases may occur:

(1) upuzy <p uand uzyuy <, u for some uy, u3 € XT and uy = uous.

(2) ury <p wand yuy <p u.

(3) urupuz <p u and uzuiuy <p u for some uz, uz € Xt and y = upus.
Every subcases yield a contradiction to u € P;(X).

Case 2: 1g(u) < lg(x). Then there exists u € X such that x = wuup
and (u1y)~'u; = (upgu)"'up. Thus upu = uuy. Hence x ¢ Pi(X), a
contradiction.

Case 3: 1g(x) < lg(u) < 1g(x?). Then there exist up, u3 € X* such that
u = upusuy and (u1y) ~luy = (uzup)"2uz. If n > 4, then upuz = usup.
This implies that u ¢ Py (X). Therefore (u1y)~'uy = uzuyuz. We consider
the following five subcases:

(1) 1g(up) > lg(ugyuy) or 1g(uz) > lg(yuiy). Then uy ¢ P;(X). Thus
u ¢ P;(X), a contradiction.

(2) 1g(up) = lg(ujyuy) or 1g(uz) = lg(yuiy). Then (uly)z <p uor
(yu1)? <p u, a contradiction.

(3) 1g(y) < 1g(up) < 1g(ugyug) or1g(uy) < lg(uz) < lg(yuiy), there
exist uy, us € X such that uy = uyus, uy = usyuy and usyuy <p U3
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or y = uglis, Uy = usujug and usujuy <p uz. Thusu ¢ Py(X), a
contradiction.

(4) 1g(up) = 1g(y) or 1g(uy) = 1g(uy). Then (yu1)2 <p uor (uly)2 <p
u, a contradiction.

(5) lg(uz) < lg(y) or lg(uz) < 1g(u1). There exist uy, us, ug € X+ such
that Y = UglsUe, Up = Us, UpU1YU1l <p U3 and u1yujuy <p uz or
Uy = ugqusig, Uy = us, Ugyry <p us and uyyuyus <p uz. This
implies that u4us = usug or ugus = usy. Thus u ¢ P;(X), a contra-
diction. O

Proposition 2.4. Let u, v be two distinct words, where u € P;(X), w1 ¢
Py(X)and n > 4. If uv" € P,(X), then v = xqu for some x; € X ™.

Proof. Let uv" € P,(X), where u € P;(X),v € X" andi > 4. Then
uv" = x"y, for some x € X and y € X*. Since uv" ! ¢ P,(X), then there
exists 7 € X such thatv = uyy.

Case 1: 1g(u) = 1g(x). Then (u1y)"'u; = u" ' and Ig(u1y) < lg(u) <
lg(uyyuy). There exist up, us, ug € X' such that u; = wupuzuy and u =
UpU3zUsYUy = U3U4YUIU3 = UgYUIU3U4. Thus Up = U3 = U4. Therefore
u ¢ P;(X), a contradiction.

Case 2: lg(u) < lg(x). There exists up € X' such that x = uu,

and " lu; = (uy)" tuy = (uou)" lup. If Ig(uy) = lg(un), then
Uy = up and v = wuqu. The assertion with statement holds, where
x1 = up. Iflg(uy) < 1g(uy), there exists us € X* such that up = uzug
and v"! = (uzuju)"'us. There also exist ug, us---u, 7 € X such
that us = wugus---uyyp,1g(us) = lg(us) = -+ = lg(uy42) and v =
UgUs -+ - Up U UUY = U5 - - - Up o U UU4US = + -+ = UppUTUUAUS - - Up .
Thus uy = us = --- = uyqp and uguqu = uquuy. Therefore, v =

UgUs -+ UpypU1UUY = UgUs - - - UpioUaUiU = Uuguguiu. The assertion with
statement holds, where x1 = wuzuquq. If 1g(ug) > lg(uy), there exists
u3 € X* such that u; = uouz and ug(yul)”’l = x"~1. There also exist
Ug, Uz Uyip € X1 such that uz = wugus -y, 1g(us) = 1g(us) =
oo =lg(uyqo) and x = ugus - UpyoYllig = Us - - Uy oYUoliglls = -+ =
UppoYUpUaUs - -~ Uyyo. Thus uy = us = -+ = uy4p and ugyuy = yuouy.
This implies that x = ugus - - Uy pYyUsUy = Uglis - - Uy poUsYlly = U YU,
Therefore u = u}y, a contradiction.
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Case 3: 1g(x) < lg(u) < lg(x?). Then there exist up, u3 € Xt such that
u = upuzuy and (u1y)"uy = uz(uouz)" 2. Since Ig(v) < 1g(x) < lg(v?),
one of the following three subcases may occur:

(1) There exist usg,uq € X, us € X*, 1g(us) = lg(ue) such that
U] = UgUsUg, Uplz = UgYuausug. Then ugyugus <g upuz. Thus
Ugyusus = yugusug. This implies that ugy = yuy. Therefore, x =
Uy = Uglgyuaus. u ¢ Py(X), a contradiction.

(2) upuz = uyyuy. Then upuz = uguy. Since upuz <p u, u ¢ Pi(X), a
contradiction.

(3) There exist ug,uy € X, us € X*, lg(ug) = lg(ue) such that
Y = UgqlUsUe, UpU3 = UgU U USUsUT. Then UgUiUgUs <g UpU3. Thus
UglUgUs = Ugusuguq. This implies that ugu; = uqus. Therefore,
x = upuz = (ugu)>. u ¢ P1(X), a contradiction. O

Proposition 2.5. Let u,v be two distinct words, where u € Py(X), uv'=! ¢
Py(X),3 <i<mnandn > 4. Ifuv’ € Py(X), then one of the following three
statements holds:

1) v= uk whereki+1=nand k > 2,

(2) v = (xqu) for some x; € XT, ki =nandk > 2, or

(B) u = x1x2x1 and v = (xx1)F for some x1,x, € X+, ki+1 = n and
k>1.

Proof. Let uv' € P,(X), where u € P;(X), v € XT. Then uv' = x"y,
for some x € Xt and y € X*. If Ig(v) < lg(y), then uv'~! € Py(X), a
contradiction. Therefore, 1g(v) > 1g(y).

Case 1: 1g(u) = 1g(x). Then v'~1 = u"1y. If Ig(u1) < 1g(v) < Ig(u¥),
for some k > 1, then there exist u1, up € X such that u = ujuy, ujuy <p v
and upuy <p v. Thus u; and u; are powers of a common word, say p.
Therefore, p* <p u, a contradiction. If Ig(v) = lg(u), for some k > 2,
then v = uX. The assertion with statement (1) holds.

Case 2: 1g(u) < lg(x). Then there exists u; € X such that x = uuy,
o' = (uyu)" 'uyy and 1g(v) > lg(uiu). We consider the following four
subcases:

(2.1) There exist up,u3 € X' such that uy = upuz, upuzu <, v and
usuuy <p v. Thus upuzu = uzuuy. Therefore, x ¢ P;(X), a con-
tradiction.



PREFIX N-POWER WORDS 175

(2.2) uyu <p v and uuy <p v. Then uy and u are powers of a common
word. Therefore, x ¢ P;(X), a contradiction.

(2.3) There exist up,u3 € X+ such that u = wupuz, ugusus <p v and
usuquy <p v. Thus ujuousz = uzuquy. Therefore, x ¢ Pi(X), a
contradiction.

(2.4) v = (uqu)*, k > 2 and ki = n. The assertion with statement (2) holds,
where x1 = u;.

Case 3: 1g(x) < lIg(u) < lg(x?). Then there exist uj,uy € X+ such that

u = ugupuy and o' = (upu1)" 2uyy.

lg(uy), there exists u3 € X' such that up n-1

(31) i >n—2.Theni = n—1and "' = (upuy)" 2uyy. If Ig(v) <
= ovugz and v =
(vuzu1)*2vuzy, a contradiction. If lg(v) = lg(uy), then v

n—2 _

(419)"~2y, a contradiction. If 1g(us) < lg(v) < lg(uouy), there
exist uz,uy € X such that u; = wusuy and v = wupuz. Thus
0" 2 = uy(upuzug)" 3uyy. Since lg(ugus) < lg(v), then there exist
us, ug € X such that uz = usug, v = upusug = ugtipus and ug <p 0.
We can get 1g(us) = 1g(ug) and us = ug. Thus ugupus = upusiy.
So uy and upus are powers of a common word, say p = pipa.
There exist i > 1, k1,ko > 0 such that uy = pi, U, = pklpl and
Us = p2pk2. Since usuquy <p u, hence (p2p1)2 <pua contradiction.
If Ig(v) = 1g(upuy), then v = upuy. The assertion with statement (3)
holds, where x1 = u1, xp = up and k = 1.

(3.2) i < n —2. We consider the following four subcases:

(i) There exist uz,uy € X* such that uy = usuy, uzusuy <p v
and uguquz <p v. Thus uzuguy = ugujus. Since uyuzuy <p U,
therefore u ¢ Py (X), a contradiction.

(ii) upuy <p vand uquy <p v. Then upuy = uquy. Thus u ¢ Py(X),
a contradiction.

(iii) There exist u3,uy € X' such that uy = uzuy, urusiy <p v
and uguouz <p v. Since uguguy <p u, therefore u ¢ Pi(X), a
contradiction.

(iv) v = (upuq)X, k > 2. The assertion with statement (2) holds. [J
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