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Abstract

In this paper, an algorithm is proposed to detect the occurrence of a prefix square
concurrently when a string is inputted. Some properties of certain variables are studied in
order to show the correctness and the time complexity of this algorithm. The time complexity
of this algorithm is proved to be not only linear but also sublinear.
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1. Introduction

This paper presents a sublinear-time on-line algorithm which con-
cerns the exact string matching problem: checking whether an input
string has a prefix repetition. One is referred to [6] for a linear-time on-
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line algorithm for finding the smallest prefix palindrome. Exact string
matching is one of the most important topics in discrete mathematics
and in many other fields. It has extensive applications in data processing,
lexical analysis, compiler design, image processing, DNA decoding, etc.
In this paper, an exact string matching problem is described as: for
a given set of words, called keywords or patterns, and for any other
given word, called the subject word or the text, one is going to check
whether there is a keyword being a subword of the subject word. Usually,
keywords or the subject word are preprocessed in order to speed up
the matching process. For example, algorithms proposed in [1] and [4]
consist of constructing related matching tries and functions according to
the given keywords and then using these tries and functions to accomplish
the matching works. Also in [3], an algorithm is applied to preprocess
keywords and produce a related matching finite state automaton which
is then applied to accomplish the matching works. On the other hand,
algorithms introduced in [9] and [10] are used to construct a suffix tree
for a given subject word and then apply this suffix tree to detect the
occurrences of keywords. The algorithm presented in [9] can be applied
to do the longest common substrings matching of two strings in O(m + n)
units of time, where m and n are lengths of these two strings, respectively.

Suffix tree structures can also be applied to find repeated subwords
from a given word (see [8]). The repeated subword problem is one of the
most important problems of string comparing in molecular biology since
high biomolecular string similarity often indicates significant functional
or structural similarity ([2]). There are many other algorithms concerning
finding repetitions in a given word w. For instance, an algorithm which
is applied to compute the length of a repeated suffix for each prefix of a
given word was proposed in [5].

Let A be a finite alphabet and A∗ the free monoid generated by A.
Any element w ∈ A∗ is a word, i.e., a finite sequence of symbols taken
from A. The length of a word w is denoted as lg(w). If u ∈ A∗wA∗

then w is called an infix or a subword of u. If u = vw then v (resp., w)
is a prefix (resp., a suffix) of u. A word v is a bifix of another word u if
v is a prefix and a suffix of u. If v is a prefix (resp., a suffix, a bifix) of
u and v 6= u then v is a proper prefix (resp., a proper suffix, a proper bifix)
of u. When designing a neural network with n nodes for a set of data
(i.e., input-output pairs), one must check whether there is a solution, i.e.,
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the (input, output) results of the n nodes neural network is consistent with
the (input, output) pairs of inputted data. If a dependent set of weights
of the neural network occurs when an independent set of (input, output)
pairs is inputted, called a collision, then some extra nodes must be added
into the neural network; otherwise, the neural network can not satisfy the
data. One way to check whether there are collisions is by transferring the
weights of nodes for each input datum-pair into a vector of letters and
checking whether there exists a prefix square of this sequence of vectors
with respect to the corresponding input datum-pairs. Once a prefix square
is found during the training of a neural network, it means that a collision
occurs.

In this paper, we modify the ‘next function algorithm’ introduced
in [4] and present an algorithm to detect whether there exists a prefix
square when a sequence is inputted. In fact, the prefix square problem
is much easier than other string matching problems. Thus, one does not
need to apply most more complex known algorithms, such as algorithms
mentioned before, to solve the prefix square matching problem. Moreover,
the prefix square matching process can be accomplished concurrently
during inputting a data sequence. That is, this work can be done on-line.
In the meanwhile, one is referred to [6] and [7] for on-line string matching
algorithms.

Through the investigation of properties concerning some variables
related to or used by the algorithm given in Section 2, the time complexity
of this algorithm is studied. Even though we do not give the least upper
bound of the time complexity,

we show that the time complexity of this algorithm is sublinear.

2. Prefix square detection algorithm

This section presents an algorithm to detect whether there is a
prefix square when a sequence is inputted. The ‘next function algorithm’
proposed in [4] was used to find the next state when a matching trie was
used to do the string matching. The essential rule of this algorithm is that
there is only one initial state and the next state is obtained by comparing
the suffixes with the prefixes of a string. This is quite suitable for the prefix
square detection problem. Suppose a sequence of letters a1, a2, . . . , an, . . . is
inputted. We now modify the ‘next function algorithm’ in [4] and present
an algorithm to detect whether there is a prefix square as follows.
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Algorithm 2.1

Input: a j, j = 1, 2, . . .

Variables:
nk : the length of the longest proper bifix of a1a2 . . . ak;
j : an index denotes the letter a j inputted;
i + 1 : an index denotes the letter ai+1 which is compared with the

inputted letter a j.

1. n1 := 0, j := 2, i := n1.

2. While a j 6= Nil Do

3. While a j 6= ai+1 and i 6= 0 Do

4. i := ni.

5. End While

6. If i = 0

7. Then n j := 0.

8. End If

9. If a j = ai+1

10. Then n j := i + 1, i := n j.

11. End If

12. If n j =
j
2

13. Then Output: “A prefix a1 . . . an j is repeated”; Exit.

14. End If

15. j := j + 1

16. End While

17. Output “There is no prefix square”.

Output: The repeated prefix a1 . . . an j once it is detected.

Example 2.2. Consider the sequence w = ATCATGAATCATAATCAT
GAATCATA over the alphabet {A, T, C, G}. Let 4 j denote the times of
Line 4 executed when a j is inputted. The number 4 j will be studied in
Section 4. Then when the sequence w is inputted, the related variables
j, a j, n j of Algorithm 2.1 and the number 4 j are listed as follows.
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j 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
a j A T C A T G A A T C A T A A T C A T G A A T C A T A
n j 0 0 0 1 2 0 1 1 2 3 4 5 1 1 2 3 4 5 6 7 8 9 10 11 12 13
4 j 0 0 0 0 0 1 0 1 0 0 0 0 2 1 0 0 0 0 0 0 0 0 0 0 0 0

As n26 = 13, i.e., n j = 13 =
j
2

, the output of this example is
the repeated prefix ATCATGAATCATA. From this example, it could be
found that the time complexity of Algorithm 2.1 should be sublinear. It is
shown in Section 4 by comparing the number 4 j with the number n j.

3. Properties of Algorithm 2.1

In this section, some properties of the variable n j will be derived and
the correctness of Algorithm 2.1 will be shown. By virtue of Lines 12-14 of

Algorithm 2.1, n j =
j
2

means a1a2 · · · an j = an j+1an j+2 · · · a j. The meaning
of n j concerns the correctness of Algorithm 2.1. Thus the variable n j plays
an essential role in this algorithm. Now, we show a property of the number
n j as follows.

Proposition 3.1. Let j ≥ 1. The number n j of Algorithm 2.1 denotes the
length of the longest proper prefix v of a1a2 . . . a j such that v is also a suffix of
a1a2 · · · a j.

Proof. Line 1 sets n1 to 0 and i to n1. This means the only proper such
prefix is the empty word λ. Suppose that there is k ≥ 1 such that for
any 1 ≤ j ≤ k, n j denotes the length of the longest proper prefix v of
a1a2 · · · a j such that v is also a suffix of a1a2 · · · a j. Consider nk+1. From
Line 7 and Line 10, it is clear that i = nk when j = k + 1 and Line 3 is
executed. If ak+1 6= ai+1 then a1a2 · · · ai+1 6= ak−i+1 + ak−i+2 · · · ak+1. As
a1a2 · · · ai = ak−i+1ak−i+2 · · · ak whenever i 6= 0, the longest proper prefix
v of a1a2 · · · ai such that v is a suffix of ak−i+1ak−i+2 · · · ak is the next proper
prefix and suffix of a1a2 · · · ak, which must be considered. Moreover,
a1a2 · · · ai = ak−i+1ak−i+2 · · · ak yields that v is a suffix of a1a2 · · · ai and
lg(v) = ni. Thus Line 4 sets i to ni. If i = 0, then we need only check
whether a1 = ak+1. Therefore, one of Line 7 and Line 10 will set nk+1

to the length of the longest proper prefix v of a1a2 · · · ak+1 such that v is
also a suffix of a1a2 · · · ak+1. By mathematical induction on the index j, the
assertion holds. ¤

In view of Proposition 3.1 and the line 12 of Algorithm 2.1, one can
derive the following result immediately.
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Proposition 3.2. Algorithm 2.1 can find the first prefix repetition of a word.

Proposition 3.3. n j ≤ j
2

and n j <
j
2

except the last n j. Hence, if n j 6= 0 then

nn j <
n j

2
.

Proof. From Proposition 3.1 and the line 12 of Algorithm 2.1, it follows

that n j ≤ j
2

. Since the algorithm ends when n j =
j
2

or a j = Nil, the case

n j =
j
2

can only hold for the last n j. It is then clear that if n j 6= 0 then

nn j <
n j

2
. ¤

4. The time complexity of Algorithm 2.1

When we survey Algorithm 2.1, it is not difficult to find that each
line will be executed at most once for each input a j except Lines 3, 4
and 5. Thus, from the time complexity of Line 4, one can derive the
time complexity of the algorithm. Let 4 j denote the times of Line 4 of
Algorithm 2.1 to be executed when a j is inputted. The following lemma
provides properties concerning variables n j and 4 j:

Lemma 4.1.

(1) 41 = 0 and 42 = 0.

(2) If a j is processed for some j ≥ 3, then n2 = 0 and 43 = 0.

(3) If n j = 0, then 4 j+1 = 0 and n j+1 = 0 or 1.

(4) If n j = 1, then 4 j+1 = 0 or 1.

(5) If n j = n j−1 + 1, then 4 j = 0.

(6) If n j 6= 0 and 4 j+1 = 0, then n j+1 = n j + 1.

Proof. By virtue of Line 1 of Algorithm 2.1, it is clear that 41 = 0 nd
42 = 0. If a2 = a1, then Algorithm 2.1 ends. Thus a j being processed for
an integer j ≥ 3 means that a2 6= a1 and n2 = 0. This yields 43 = 0. From
Line 3 of Algorithm 2.1, it is clear that if n j = 0 then 4 j+1 = 0; by Lines
7 and 10, n j+1 = 0 or 1. If n j = 1 and a j+1 = an j+1, then 4 j+1 = 0. Let
i = n j. As n1 = 0, if n j = 1 and a j+1 6= an j+1 = a2, then by Line 4 of
Algorithm 2.1, i = nn j = n1 = 0. By Lines 7 and 10 of Algorithm 2.1,
n j+1 = 0 or 1. Lines 9 and 10 of Algorithm 2.1 yield that n j = n j−1 + 1
holds only if a j = an j−1 + 1. Thus n j = n j−1 + 1 implies 4 j = 0. If n j 6= 0
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and 4 j+1 = 0, then by Line 3 of Algorithm 2.1, a j+1 = an j+1. From Line 10
of Algorithm 2.1, it follows n j+1 = n j + 1. ¤

Proposition 4.2. Let 4 j = r ≥ 1, i1 = n j−1 and is+1 = nis for 1 < s < r.
Then n j = nir+1 + 1 or n j = 0.

Proof. In view of the while loop: Lines 3-5 of Algorithm 2.1, it follows that
is 6= 0 and an j 6= ais+1 for 1 ≤ s ≤ r. And each time the loop resets i from is
to is+1, where 1 ≤ s ≤ r. If a j = air+1+1, then by Line 10 of Algorithm 2.1,
n j = nir + 1. The case a j 6= air+1+1 can hold only when nir = 0. In this
case, by virtue of Line 7 of Algorithm 2.1, n j = 0. ¤

Furthermore, some more properties concerning the number 4 j are
shown in the sequel.

Proposition 4.3. 4 j < log2 j for any j ≥ 1.

Proof. By Lemma 4.1, 41 = 0, 42 = 0, and 43 = 0 if they are counted.
Thus 4 j < log2 j for 1 ≤ j ≤ 3. For j ≥ 4, clearly if 4 j = 0 or 4 j = 1, then
4 j < log2 j. Now let j ≥ 4 and 4 j = r ≥ 2. Let i1 = n j−1 and is+1 = nis
for 1 ≤ s ≤ r. In view of the while loop: Lines 3-5 of Algorithm 2.1, it
follows that is 6= 0 for 1 ≤ s ≤ r. By virtue of Proposition 3.3, is+1 < is/2
for 1 ≤ s ≤ r. Since i1 = n j−1 is not the last one, by Proposition 3.3,

i1 <
j− 1

2
. Thus ir <

i1
2r−1 <

j
2r . As ir 6= 0, ir ≥ 1. This yields that

1 <
j

2r . Hence 0 < (log2 j)− r, i.e., r < log2 j. ¤

For the given string w = a1a2 · · · an processed in Algorithm 2.1, let

m j =





4 j − 1 if 4 j 6= 0

0 if 4 j = 0 ,

0 j =





0 if 4 j 6= 0

1 if 4 j = 0
and β j =

j

∑
i=1

(0 j −m j) .

The following proposition concerns the execution time of Line 4 which is
compared with the number n j.

Proposition 4.4. β j > n j for each j ≥ 1.

Proof. By Lemma 4.1, 41 = 0 and 42 = 0, and 43 = 0 if it is counted. Thus,
β1 = 1, β2 = 2 and β3 = 3. It is clear that n1 = 0 and n2 ≤ 1. And, n2 = 0
when j ≥ 3 is considered. Now, if n3 = 0, then 44 = 0. Otherwise, n3 = 1
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and a3 = a1. In this case, if a4 = a2, then 44 = 0, n4 = 2 and Algorithm
2.1 ends. If a4 6= a2, then 44 = 1 and n4 = a or 1. These observations yield
β j > n j for each 1 ≤ j ≤ 4. Assume that there is r ≥ 4 such that for each
1 ≤ j ≤ r, β j > n j. Now, consider βr+1 and nr+1. We have the following
two cases:

(1) nr+1 = nr + 1. Then by Lemma 4.1, 4r+1 = 0. This implies that
βr+1 = βr+1. By assumption, βr+1 = βr+1 > nr + 1 = nr+1.

(2) nr+1 6= nr + 1. By virtue of Lines 9-11, nr+1 6= nr + 1 only if ar+1 6=
anr+1. Consider the following two sub cases:

(2.1) nr = 0. Then by Lines 6-8, nr+1 = 0. And, clearly, 4r+1 = 0. This
yields βr+1 = βr > nr = nr+1.

(2.2) nr 6= 0. In view of Line 3, it follows that 4r+1 ≥ 1. If 4r+1 = 1,
then βr+1 = βr and nr+1 = nnr + 1 or nr+1 = 0. By Proposition

3.3, nnr <
nr

2
. Thus nr+1 ≤ nr. By assumption, βr+1 = βr >

nr ≥ nr+1. Now, consider the case 4r+1 > 1. From the definition
of β, we have βr+1 = βr − 4r+1 + 1. Let k = 4r+1, i1 = nr and
is = nis−1 for 2 ≤ s ≤ k. By Line 3, is 6= 0 and ar+1 6= ais
for any 1 ≤ s ≤ k. By virtue of Lines 7 and 10, nr+1 = 0
or nr+1 = nik + 1. Proposition 3.3 implies that nis ≤ is − 1 for
1 ≤ s ≤ k. By Algorithm 2.1, the condition k = 4r+1 > 1 derives
that nr+1 = 0 or nr+1 = nik + 1. Thus nr+1 ≤ nr − k + 1. By
assumption, βr+1 = βr − 4r+1 + 1 > nr − k + 1 ≥ nr+1.

By mathematical induction on j, the assertion holds. ¤

As n j ≥ 0 for any j ≥ 1, Proposition 4.4 derives the following result
immediately.

Proposition 4.5.
j

∑
i=1

mi <
j

∑
i=1

0i.

Let γ j =





1 if 4 j ≥ 1

0 if 4 j = 0
. Proposition 4.5 derives

j
∑

i=1
4i =

j
∑

i=1
mi +

j
∑

i=1
γi <

j
∑

i=1
0i +

j
∑

i=1
γi. Since

j
∑

i=1
γi

j
∑

i=1
0i = j, we then have the following

result concerning the time complexity of Algorithm 2.1.

Proposition 4.6.
j

∑
i=1

4i < j for each j ≥ 1.
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Note that each line of Algorithm 2.1 will be executed at most once for
each input a j except Lines 3-5. This together with Proposition 4.6 yields
that the time complexity of Algorithm 2.1 is sublinear, i.e., less than or

equal to lg(w). There is a word w such that
lg(w)

∑
j=1

4 j = lg(w)− 3 when w

is processed in Algorithm 2.1. For example: Let w = a1a2a1a1 . . . a1 where
a1 6= a2 with lg(w) < 4. It is clear that 4 j = 1 for any j > 3. Hence,
lg(w)

∑
j=1

4 j = lg(w) − 3. In fact, the number lg(w) − 3 should be the upper

bound of the number
lg(w)

∑
j=1

4 j when a word w is processed in Algorithm 2.1.
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