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Abstract

In a given graph G = (V, E), a set of vertices S with an assignment of colours to them is
said to be a defining set of the vertex colouring of G, if there exists a unique extension of the
colours of S to a ¢ > x(G) colouring of the vertices of G. A defining set with minimum
cardinality is called a minimum defining set and its cardinality is the defining number,
denoted by d(G, ). The defining set S is strong, if there exists an ordering {v1,vy,...,v,—s}
of the vertices of (G — S) such that in the induced list of colours in each of the subgraphs
(G—=8), (G—SU{v1}), (G—SU{v1,v2}) and (G — SU{v1,v,...,04—s}), there exist at
least one vertex whose list of colours is of cardinality 1. The strong defining number, sd(G, )
of G is the cardinality of its smallest strong defining set.

If F is a family of graphs then Spec.(F) = {d|3 G,G € F,sd(G,c) = d}. Here we
study the cases where F is the family of k-regular (connected and disconnected) graphs on
n vertices and ¢ = k — 1. Also the Spec;_, (F) defining spectrum of all k-regular (connected
and disconnected) graph on n vertices are verified for k = 3 and 4.

Keywords : Regular graphs, colouring, defining spectrum.

1. Introduction

A c-colouring (proper c-colouring) of a graph G is an assignment of ¢
different colours to the vertices of G such that no two adjacent vertices
receive the same colour. The vertex chromatic number of a graph G,
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denoted by x(G), is the minimum number ¢, for which there exists a c-
colouring for G. The maximum degree of the vertices in G is A(G) and
the minimum degree is 6(G) and G is regular if 6(G) = A(G). Itis k-
regular graph if the common degree is k (see [12]). In a given graph
G = (V,E), a set of vertices S with an assignment of colours to them
is said to be a defining set of the vertex colouring of G, if there exists a
unique extension of the colours of S toa ¢ > x(G) colouring of the vertices
of G. A defining set with minimum cardinality is called a minimum
defining set and its cardinality is the defining number, denoted by d(G, c).
The defining set S is strong, if there exists an ordering {v1,vy,..., 04—}
of the vertices of (G — S) such that in the induced list of colours in
each of the subgraphs (G — S), (G — SU{v1}), (G—SU{v1,v3}) and
(G —SU{v1,0p,...,04—s}), there exist at least one vertex whose list of
colours is of cardinality 1. The strong defining number, sd(G,c), of G is
the cardinality of its smallest strong defining set.

The question of determining defining numbers for graphs and other
combinatorial objects has been studied in many papers and under various
terminologies, block designs, critical set, defining set, defining spectrum,
and forcing of dominating set, (see [1,2,3,4,5,6,7,8,9,10,11]). There is
some even questions as to where the concept first arose.

In this paper we invert the question to ask:

For what d does there exist G so that G has property P and sd(G, c) =
d and begins to answer it for some naturally arising properties.

Definition 1.1. If F is a family of graphs, then Spec.(F) = {d|3G,G €
F,sd(G,c) =d}.
We shall investigate the Spec,_; for the following families.

1. F,<k: All k-regular connected graphs G on 1 vertices with x(G) < k
2. F!'<k: All k-regular disconnected graphs G on 1 vertices with x(G) < k
3. F;7k: All k-regular graphs G on n vertices with x(G) < k

we use the following notation from now on. Spec.(n) = Spec (F,~*1),
Spec! (n) = Spec,(F;/<¢*1) and Spec,(n) = Spec,(F,;ct1).

The following will be useful.

Theorem A ([10]). For any (k > 4) there exists a k-reqular connected graph G
on n vertices with x(G) = 3, so that d(G,3) = 2.
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2. k-regular graph

Extending a given k-regular graph G on n vertices with strong
defining number sd(G) to a k-regular graph H on m vertices with strong
defining number sd(H) so that sd(H) > sd(G) and m > n is important in
our discussion.

Theorem 2.1. Let G € ]—",’fk, which is coloured with ¢ = k — 1 colours, then
there is

1. Agraph H € /5%, sothatsd(H,k—1) = k—2+sd(G,k—1) fork > 5
and sd(H,3) = 1+ sd(G,3) for k = 4.

2. Agraph H' € f;;igk so that sd(H',k — 1) = k+sd(G,k — 1) for k > 5 and
sd(H',3) =3 +5sd(G,3) for k = 4.

3. Agraph H" € }'r’lj’;kfz so that sd(H" ,k — 1) = 2k — 8 4+ sd(G,k — 1) for

k> 5and sd(H",3) =1+ sd(G,3) fork = 4.

Proof. Let S be an strong defining set of size sd(G,k — 1) for G. Let u,
be the vertex in G — S which is the last vertex being coloured. There are
k — 2 different colours in the neighborhood of u. And there are at least two
vertices in its neighborhood with the same colour. Let u, be one of these
vertices. We further assume that the colours are c¢(u) = 1 and ¢(v) = 2.
Now we delete the edge uv.

(1) We add the following graphs to G,

u(1) 0(2)

(k=4)
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u(1) v(2)

(k> 4)

where each of vertices vy, ..., vk is joined to all of the vertices uy, ..., ux_».
Also v; is joined to v;4q fori = 1,2,...,k — 1. Moreover v; is joined to
u and v to v. Now for k > 5 we say S’ be the set S with its colours
in G together with the vertices {u1,...,u;_»} and colouring c(u;) = i,
2 <i<k—2andc(u;) = 2and for k = 4, we say S’ be the set S with its
colours in G together with the vertex 11 and colouring c¢(u1) = 2. It can
easily be checked in the resulting graph, S’ is an strong defining set.

(2) We add the following graph to G,

u(l1) v(2)

where each of vertices vy, ..., vx_1 is joined to all of the vertices uy, ..., u.
Also v is joined to all of the vertices uy, . . ., 1, the vertex vy is joined to all
of the vertices u1, . .., ux_1 and the vertex uy is joined to 1. Moreover v; is
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joined to 1 and vy to v. Now for k > 5 we say S’ be the set S with its colours
in G together with the vertices {u1,...,u;} and colouring c(u;) = i—1,
2 <i<k-1c(u) = 1and c(uy) = k—2. For k = 4, if G is not
complete bipartite on 8 vertices we say S’ be the set S with its colours in G
together with the vertices u;, i = 1,2, 3 and colouring c(u1) = 1, c(up) =1,
c(uz) = 2. If k = 4 and G is complete bipartite graph on 8 vertices, then in
G the vertex v is in defining set, but in the resulting graph the vertex v will
not be in . It can easily be checked in the resulting graph, S’ is an strong
defining set.

(3) We add the following graph to G,

u(1) v(2)

(k=1)
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where the vertices vy, . .., vx_1 are joined with together and consist a com-
plete graph Kj_4, also the vertices uy,...,u;_1 are joined with together
and consist a complete graph Ki_1. The vertex v; is joined to u;_1 and u; 1
for2 <i < k—2. And v_; is joined to uy_, and uy, also vy is joined to
Ux—1 and v, and 111 is joined to u.

Now for k > 6 we say S’ be the set S with its colours in G together
with the vertices u;, v; for 3 < i < k — 3, uy_1, vy and colouring c(u;) =
c(v;) =1i,c(ur_1) = k—1and c(vy) = k — 2. For k = 5 we say S’ be the
set S with its colours in G together with the vertices 14, v, and colouring
c(uyg) =4, c(vy) = 3. For k = 4 we say S’ be the set S with its colours in G
together with the vertex v3 and colouring c(v3) = 3. O

Theorem 2.2. Let G € F<K which is coloured with ¢ = k — 1 colours. Then
there is a graph H € f;lfrka so that sd(H,k —1) = k —2+sd(G,k — 1) for
4<k<7.

Proof. Using the proses of Theorem 2.1, let S be an strong defining set of
size sd(G,k — 1) for G. Let u be the vertex in G — S which is the last vertex
being coloured. There are k — 2 different colours in the neighborhood of
u. And there are at least two vertices in its neighborhood with the same
colour. Let u, be one of these vertices. We further assume that the colours
are c(u) = 1 and c(v) = 2. Now we delete the edge uv.

For 4 < k <7 we add the following graphs to G.

) U3
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we say S’ be the set S, with its colours in G together with the vertices ;S
and colouring c(u,i) = i, where 1 <i <k —2. O

Let G € F,<F be coloured with k — 1 colours and S be an strong
defining set of G. It is easily checked that each vertex in V(G) \ S has
at most three neighbors and at least two neighbors with same colour. If S
is an strong defining set of G with minimum cardinality then it is verified
that, there exist v € V(G) \ S with two neighbors v1,v, and u € V(G) \ S
with one neighbor 1 so that the colours of vy,v, don’t have effect for
determining of the colour of v and the colour of u; doesn’t have effect for
determining of the colour of u.

Theorem 2.3. Let G € F,<¥ be coloured with k — 1 colours. Then there is a

graph H € F, 5%, so that sd(H,k —1) = k — 4 4sd(G,k — 1).

Proof. Let S be an strong defining set of G with minimum cardinality. Let
u,v, be two vertices in V(G) \ S as above statements, the deletion of edges
{u,u1},{v,v1} and {v, v, } don’t have effect the colours of u, v. The colours
of the vertices u, v, u1,v1 and v, will be one of the following forms where
in Figure (1) the colours of v, u, v1, vp and u; are 1, 3, 2,2 and 2 respectively
and etc.

o(1) u() o) (1) o(3) (1)

[N

2 2 2 1 2 4 3
v, v, Uy v, v, Uy v, v, Uy

1) ) 3)

(Maybe, there exist other forms, but they are similarly verified). For Figure
(1) we delete {v,v1}, {v,v2} and {u, u;} add the vertices wy, wy, ..., Wr_4
with colours 3,5,...,k — 1. Add the vertices x1,x»,...,x; and connect
them to all w;’s and some u;’s, v;’s and u, v, as follows. x; connect to all
w;’s, v1 and v so the colour of x; will be 4. x, connects to all w;s, x1 and v,
so the colour of x; will be 1. x3 connects to all w;s, x, and x1 so the colours
of x3 will be 2. x4 connect to all w;s, x3 and x, so the colour of x4 will be
4. This procedure is continued, finally the vertex x; connects to w;s, x;_1
and x;_, in this steps the degrees of w;s and x;s, 1 < i < k —2 will be k,
the degree of x;_1,0v,v’,v1 are k — 1 and the degree of x; is k — 2.
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If 3|k, then the colour of x; is 2 and the colour of x;_1 is 1, so we
connect xj to v and u, and x;_1 to u;.

If 3| k — 1, then the colour of x is 4 and xj_1 is 2, so we connect x; to
v,uq1 and x;_1 to u.

If 3| k — 2, then the colour of x; is 1 and x;_1 is 4, so we connect x; to
u, u1 and x;_q to v.

Therefore, the graph H is constructed and sd(H) = sd(G) + k — 4.

For Figures (2) and (3) the proofs are similar. ]

3. 3 and 4-regular graph

Here we discuss on strong defining spectrum of 3 and 4 regular
graphs.
If G € F}=3, then G is bipartite and sd(G) = 1, so Spec, (F,~%) = {1}.
If G € F//<3 then G is disconnected with m component and each
component is 3-regular and bipartite so Spec, (F;-3) = {m}.
If G € F;3 then Spec, (F;3) C {1,2,...,m}, where m is the maximum
number of components of G.
Let G be a 4-regular graph and x(G) < 3, by the following figures we have:
Specs(6) 2 {2}, Specs(7) 2 {2}, Specy(8) 2 {2,4}, Specs(9) 2 {2,3},
Spec;(10) 2 {2,3}, Specs(11) D {2,3}, Spec;(12) D {2,3,4}.

1
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Theorem 3.1. Forn > 12,

2o i)+ 5]}

Specs(n) 2 16fn—6,16tn—7,164n—14,16tn—15

2] [}

Proof. For n = 13, consider the graph

n=13

and the relation Specs(13) 2 {2} U Spec(7) + {1}, so Spec(13) 2
{2,3,4}.

By the Theorem 2.1 for 4-regular bipartite graph on 8 vertices and
using Theorem A and above for n = 16 we have Spec;(16) 2 {2} U
Specs(10) + {1} U (Spec;(8) \ {4}) +{2,3} U {6} = {2,3,4,5,6}. Now
if we use the induction, Theorem A, the theorems of Section 2 and the
relation Spec}(n) 2 Specy(n — 6) + {1} USpec(n — 8) + {2,3} U {2}, for
n > 14 and n # 16, the result will be proved. O

Let G be a disconnected 4-regular graph with n vertices and x(G) < 3
then 1 should be at least 12. The following is an extension of the before
result for disconnected graph.

Theorem 3.2. Forn > 12,

{4,...,MJ 2&”—1} if 841,81n—68tn—7
Specy (n) 2 {4,...,2{ZJ} if 8|n—6,8/n—7

foala ] aalzf ) o
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Proof. Since G € F/'<*, then G consists of at least two components. Now
using induction and Theorem 3.2. O

The following is an extension of Theorem 3.2 for any 4-regular graph
with x(G) < 3.

Corollary 3.3. Forn > 6,

{2,3,...,[ZW+2KJ—1} if 841,81n—68tn—7
Specy(n) 2 {2,3,...,2{2” if 8|n—68|n—7
{2,...,2{ZJ —2,2{ZJ +1} if 8|n.

Proof. 1f G € F;7* then G is connected or disconnected 4-regular graph.
Now we combine the results of Theorems 3.1 and 3.2. g

As an immediately result we have:

Corollary 3.4. The minimum of Spech(n) = 2 = the minimum of Spec,(n)
and the minimum of Spec} (n) = 4.
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